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Preface

In the latter part of the last century, Sophus Lie first introduced and
developed quite extensively the theory of continuous groups of transfor-
mations in connection with the study of differential equations. In the last
few decades, there has been a revival of interest in group-theoretic meth-
ods and significant progress has been made due to the efforts of several
mathematicians, engineers and physicists.

Group-theoretic methods are powerful, versatile and fundamental to
the development of systematic procedures that lead to invariant solutions
of boundary value problems. Since the group methods are not based on
linear operators, superposition or other requirements of the linear solution
techniques, they are applicable to both linear and nonlinear differential
models. A number of books on the application of the continuous groups
of transformations relating to differential equations have been written from
a mathematical standpoint. In dealing with differential boundary value
problems in engineering and applied science however, physical aspects as-
sociated with the problems are of importance. Consideration of boundary
and initial conditions as an integral part of the mathematical description
becomes an essential part of any group-theoretic analysis. The purpose
of this book is to provide a comprehensive and systematic treatment of
group-theoretic methods from a standpoint of engineering and applied sci-
ence, with particular emphasis on boundary value problems. The book is
intended for senior undergraduate students, graduate students and research
workers in the areas of engineering and applied science.

The authors are indebted to Arthur Na for his assistance during the
preparation of the manuscripts. The second author wishes to express his
sincere gratitude to Dr. Arthur G. Hansen for introducing him to this
important method of analysis and for the advice and encouragement re-
ceived through the years. The authors would like to dedicate this book
to Dr. Arthur G. Hansen in view of the key contributions made by him
to the area of similarity analysis pertaining to engineering boundary value
problems.
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Chapter 1
INTRODUCTION AND GENERAL OUTLINE

Physical problems in engineering science are often described by dif-
ferential models either linear or nonlinear. There is also an abundance of
transformations of various types that appear in the literature of engineer-
ing and mathematics that are generally aimed at obtaining some sort of
simplification of a differential model.

Similarity transformations -2 * which essentially reduce the number of
independent variables in partial differential systems, have been widely used
in fluid mechanics and heat transfer. Transformations have also been used
to convert a boundary value problem to an initial value problem suitable for
numerical procedures that employ forward marching schemes 3. In other
instances transformations have been used to reduce the order of an ordinary
differential equation. Mappings have also been discovered which transform
nonlinear partial or ordinary differential equations to linear forms. Underly-
ing these seemingly unrelated transformations is a unified general principle
which is based on the theory of continuous group of transformations. The
theory was first introduced and developed extensively by Sophus Lie in the
latter part of the last century. In recent years, there has been a revival of
interest in applying the principles of continuous group of transformations
to differential models, linear as well as nonlinear. In 1950, Birkhoff  pro-
posed a method based upon simple groups of transformations for obtaining
invariant solutions for some problems in the general area of hydrodynamics.
The method essentially involves algebraic manipulations, an aspect which
makes the method attractive. Group - theoretic methods are a powerful
tool because they are not based on linear operators, superposition or any
other aspects of linear solution techniques. Therefore, these methods are
applicable to nonlinear differential models.

A majority of the recent books on the applications of continuous trans-
formation groups °® have been approached from a mathematical stand-
point. In dealing with different boundary value problems in engineering
science, the physical aspects associated with the problem need to be prop-
erly addressed. The treatment of boundary conditions as an integral part
of the differential model in group - theoretic methods becomes relevant.
The purpose of this book is to provide a comprehensive treatment of the
subject from a standpoint of engineering science, with special reference to
boundary value problems. Applications of the group-theoretic principles
involved are presented in a clear and systematic fashion. The contents
and the treatment of this book are particularly suitable for senior under-
graduate students, graduate students and analytical workers in the area of
engineering and applied sciences.

*»Numbersvinisuperscriptsireferntoinumbers of references at the end of
the chapter.



The concepts of continuous transformation groups are presented in
chapter two. This chapter contains the theoretical background needed for
all the subsequent chapters, and forms the basis for the entire book.

Chapter three contains a survey of the available methods for determin-
ing similarity transformations. A familiar form of the similarity transfor-
mation is given by u(z,y) = z* f(zy®), where a and B take on values such
that the original partial differential equation with independent variables
X, y and dependent variable u is transformed to an ordinary differential
equation with variables f and xy®. The reduction in the number of inde-
pendent variables is a simplification of the original mathematical descrip-
tion whether the resulting description is solved analytically, numerically
or by using other approximate procedures. Consider, as an example, the
one-dimensional nonlinear diffusion equation

d Ou, OJu

A similarity transformation of the form
z
v=F) ; ¢=-— (1.2)

would transform equation (1.1) to an ordinary differential equation of the
form
ar

d dF
d§[D(F) d§]+2§d§ 0 (1.3)
The similarity transformation, equation (1.2), is just one type of trans-
formation that can be obtained by direct procedures based on assumed
transformation of the type u(z,t) = t* F(z/t") , or by the use of dimen-
sional group of transformations. The use of deductive group procedures
which start out with a general group of transformations lead to some sim-
ilarity solutions that are not obtainable by inspectional group procedures.
The group - theoretic methods of similarity analysis imply that the search
for similarity solutions of a system of partial differential equations is equiv-
alent to the determination of solutions of these equations invariant under
a group of transformations. For boundary value problems, it follows that
the auxiliary conditions also be invariant under the same group of transfor-
mations. In chapter three, the methods for the determination of similarity
transformations are classified into (i) direct methods and (ii) group - the-
oretic methods. The group - theoretic methods are further divided into
inspectional and deductive procedures. In chapter four, the direct as well
as group - theoretic methods are applied to a variety of nonlinear boundary
value problems arising in engineering science.

Traditionally, similarity solutions have been discovered for boundary
value problems with semi - infinite or infinite domains thus restricting the
solutionsstorasnarrowsclassrof ;problems. Chapter five examines the applica-
bility of similarity analysis to boundary value problems in finite domains.
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The construction of non - similar solutions from similarity solutions
enables one to extend the similarity methods to a larger class of boundary
value problems. Non - similar solutions are a result of either the equations
or boundary conditions not being invariant under a given group of trans-
formations. Techniques such as superposition of similarity solutions, fun-
damental solutions and pseudo - similarity analysis are discussed in chapter
six for the purpose of obtaining non - similar solutions.

For moving boundary problems in general, it is necessary to locate the
similarity coordinate at the moving boundary. When the governing partial
differential equations are parabolic it should also be ascertained whether the
speed of propagation of the moving boundary is finite or infinite. Typically,
analysis of problems that involve a change of phase can be associated with
a moving boundary that propagates at a finite speed. However if no phase
change is involved, the propagation of the boundary would be either at a
finite or an infinite speed. Chapter seven contains a detailed discussion of
these ideas through appropriate examples.

Chapter eight deals with boundary value problems that involve prop-
agation of waves. When the propagation of disturbances are along the
characteristics of the equations, use is made of the similarity - charac-
teristic (SC) relationship for determining the similarity coordinate at the
wave front. In other instances, where propagation of waves is not necessar-
ily along the characteristics such as shock waves, dispersive and traveling
waves, the role of group invariance in obtaining similarity solutions is dis-
cussed.

The technique for transforming boundary value problems to initial
value problems is discussed in chapter nine. Two methods are described :
(1) the inspectional group method, and (2) the infinitesimal group method.
Both methods start out by defining a group of transformations. The partic-
ular transformation within this group of transformations which can reduce
the boundary value problem to an initial value problem is identified by
stipulating the requirement that (a) the given differential equation be in-
dependent of the parameter of the transformation, and (b) the missing
boundary condition be identified with the parameter of transformation.

Inspectional as well as deductive procedures for transforming a non-
linear differential equation to a linear differential equation is discussed in
chapter ten. These procedures are based on the use of groups of point
transformations which act on a finite dimensional space. Effort has been
made to keep the treatment of the subject as simple as possible and to bring
out the underlying principles involved clearly. Recent developments have
shown that differential equations can be invariant under a continuous group
of transformations beyond point or contact transformations. The groups
known as the Lie - Backlund (LB) transformations act on an infinite dimen-
sional space. Details for discovering mappings that transform nonlinear to
linear.differential equations using, LB transformations are available in the
works of Bluman and Kumei “,and Anderson et al ® . The LB transforma-
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tion approach is not covered in this book.

Miscellaneous topics such as the reduction of differential equations into
algebraic equations, reduction of the order of an ordinary differential equa-
tion, transformation of ordinary to partial differential equations, and re-
duction of the number of variables using multiparameter group of transfor-
mations are covered in some detail in chapter eleven. Also covered in this
chapter are self - similar solutions of the first and second kind °1°. The
Hellums - Churchill procedure for the determination of normalized repre-
sentation suitable for dimensional scale - modeling and semi - analytical
investigations is briefly discussed.

Throughout the entire book, the authors have endeavoured to cater to
the needs of (a) a novice in the area of group theory, and (b) the analytical
worker seeking to use the more rigorous deductive group procedures. It is
hoped that the book will adequately address some of the needs of students
and researchers in engineering science who are seeking to apply group -
theoretic methods to nonlinear boundary value problems.
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Chapter 2

CONCEPTS OF
CONTINUOUS TRANSFORMATION GROUPS

2.0 Introduction

The foundation of the group - theoretic method is contained in the
general theories of continuous transformation groups that were introduced
and treated extensively by Lie !, Lie and Engel ? and Lie and Scheffers
3 in the latter part of the last century. Subsequently, the books by Co-
hen 4, Campbell ®, Eisenhart ¢, Ovsjannikov 7, Bluman and Cole 8, have
contributed greatly to the development and clarification of many of Lie’s
theories, particularly its applications to the invariant solutions of differen-
tial equations. In the literature of engineering and applied sciences, the
works of Birkhoff °, Morgan °, Hansen !1, Na, Abbott and Hansen 12, Na
and Hansen % and Ames 1415 give quite extensively the general theories in-
volved in the similarity solutions of partial differential equations as applied
to engineering problems. It is assumed, however, that the average engi-
neer may not be thoroughly acquainted with the concepts of that branch
of modern algebra designated as group theory. For this reason as well as
for clarifications of the terms and concepts involved, a brief review of some
of the key aspects of the theory of transformation groups will be given in
this chapter. Emphasis will be placed on presenting the ideas of Lie groups
in a simple and clear manner suitable for an engineer and scientist, instead
of the rigorous and mathematically elegant approach used in the books by
Eisenhart ¢, Ovsjannikov 7 and Bluman and Cole 8.

2.1 Group Approach

Quite simply, an algebraic group is a set (collection of elements) which
has some sort of operation defined between its elements. In addition, a
certain set of rules and statements regarding the elements and the defined
operation must be satisfied. The elements in a set can be anything: inte-
gers, complex numbers, vectors, matrices, transformations etc. One impor-
tant criterion, however, is the definition of an operation of these elements.
Typical operations are integer additions, complex number multiplications,
vector additions and successive transformations.

The rules which a set of elements must obey under a given operation
are stated below, where the symbol * denotes the binary operation between
two elements a and b of a set G. A set G is called a group if
(1) The set of elements is closed under a given operation. If a and b are

two elements of the set, then

a*xb=c

where ¢ is also an element of the set.
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(2) There exists an identity element I such that
axl=Ixa=a

(3) Every element in G has an inverse in G for the operation *. Thus,
given any element a, there exists an element a™!, known as its inverse
such that

axg l=qa lxa=1

(4) The operation # is associative. Thus,
ax(bxc) = (a*b)*c

As an example of a group, let us consider the set of integers Z associ-
ated with the operation of addition in Z.
(1) Since addition of an integer to an integer gives an integer, the set Z is
closed.
(2) K n is an integer, then

n+0=0+n=n

and the set consists of an identity element (0).
(3) Since the set Z includes both positive and negative integers, the set
has the property that

n+(-n)=(-n)+n=0
(4) ¥ I,m and n are elements of the set Z then
(l+m)+n=1+(m+n)

Therefore, the set Z associated with the operation of addition is a
group. This group is usually referred to as the additive group.

As a second example, consider the multiplicative group of non-zero
complex numbers. Let C be the set of all non-zero complex numbers asso-
ciated with the operation of multiplication whose elements are x = a + ib,
where a and b are real numbers, and x # 0 + i0. The following properties
can be established:

(1) The set is closed, since the product

(a+ b)(c + 1d) = (ac — bd) + 1(ad + bc)

is a unique element in C.
(2) The element 1 + i0 is clearly the identity element in C, since

(e+)(1+20)=(1+:0)(a+1b) =a+1b

6



(3) The inverse of a given element a + ib is

a . b
-1
a2+ b2 a2+ b2

since

J(a+ ) =(e+ 1

(o W) (s~ o) =
a>+ b a2+ a2 +5 a2+

(4) Suppose a + ib, ¢ + id and e + if are elements of the set C, then
[(a + ) (c + id)](e + 3f) = [(ac — bd)e — (bc + ad)]

+1](bc + ad)e + (ac — bd)f]
(a+ 1b){(c + id)(e + 1f)] = [a(ce — d f) — b(de + cf)]
+1{b(ce — d f) + a(de + cf)]

It follows from above that the associative law is satisfied. As a result, the
set of non-zero complex numbers associated with the operation of multipli-
cation is a group.

2.2 Transformation Groups

Let fi(x!, ..., x"; a!, .., a"); (i= 1, ..., n) be a set of functions contin-
uous in both the variables x* and a’. We will also assume the continuity of
derivatives as may be required in the following discussions. The variables
a’ are the parameters of the functions. The a’ are assumed to be “essential
parameters”, i.e., it is not possible to find (r - 1) functions of a’: a!(a), ...,
a""1(a) such that

iz, ...,z d, . a") = Fi(2, ..., 2% e, 0" Y)

If the a’ are not essential parameters, it means that fewer parameters
can be constructed from the a’ to serve the same purpose in a function.

We now consider a set of functions f' as a set of transformations de-
pending on the parameters a!, ..., a", and transforming a point (x!, ..., x™)
into (2!, ...,2™), ie.,

¥ = fi(s',..., 2" d,...,a")

Successive transformations employing various sets of functions are consid-
ered to be the “operation” of the set. We will establish that the set of
functions associated with the “operation” of a transformation is a group.
Clearlypfornthisstorbervalidjptherfournconditions listed previously must be
met. The conditions are



1
2.

3.

4.

The set is closed.
There exists an identity transformation such that *

ITa1£= Ta112= Talz

Given any transformation T,;, an inverse transformation ! exist such
Y s
that
T‘;lTalz= To1 T;1z= In=2
The associative law is true, i.e.,

Tal(TaZ TaB)z = (Tal Ta2) Tosz

As an example, let us consider the set of one-parameter transformation

defined by

T,z: ' = [z'cos(a) — P sin{a)]e”

7 = [z sin(a) + 2° cos(a)] €

and prove that it constitutes a group of transformations. The parameter a
is assumed to be real.

1.

To show closure, we have

—
!

T2 Ta1z: % = lcos(az)—izsin(az)]e“,

% = [z sin(a?) + 'r'7co§(a2)]e“2

’ ! = [(z'cos(a') — z°sin(a')) cos(a?)

— (2! sin(at) + :t.""cos(¢11))sin(az)]e"z""‘]l
= [z' cos(a)cos(a®) — z°sin(a)cos(a?)

2'sin(a') sin(a?) + 72 cos(a') sin(a?)]e® +¢’

*

For a particular set of o’, say, a!,... ..... o’ the transformations
) y 10 11

_t 1 n 1 r
2 =f(z,nnns @ 18y, sy al)

is written as T,,¢ = z. Similarly, the function s* which represents
the inverse functions of s, and transforms a point (z',......,z*) into

(')eeey2™) can be written as T, 'z =x. Two different sets of values
are defined by different sets of values of the /. Thus, if o},.....,a] is
a set of values distinct from a},......,a], we consider T,; and T,; to be
different transformations.

ForranvinversentorexistytherJacobian of the s* with respect to the « is

non-vanishing for a set of values of z'.

8



= [(z' cos(a® + a?) — L sin(a’ + a"’)]e"“"“‘2
If a®>=a’+4a? is real, then we see that
! = [z cos(d®) - :1:231.'n(aa)]e“3
Similarly,
3
# = [z sin(d®) + 22 cos(a®)]e®

Therefore, the given set of transformation satisfies the closure require-
ment.

. The identity transformation is determined by the values a‘=0, i.e., for
a‘=0

7 = 7! and #* =1
. Let .
To1: 3 =[z'cos(a]) — 2 sin(a])]e™
. 1
7° = [z' sin(a}) + 22 cos(a} )] e
be a given transformation. The transformation defined by a! = —a! is

the inverse transformation, since
— = - . " )
T 'Ta: % =|zlcos(—a}) — Psin(—a})|e” %

# = [PPsin(—al) + irzcos(—-a,})]c'_"ll

Therefore,
3 = |(z'cos(al) - zzsin(ai))e“ll cos(—aj)
—(z*sin(a]) + zzcos(a}))e"11 sin(—ai)}e_"l1
= [z (cos(a})cos(—a}) — sin(a])sin(—a]))
—z*(sin(a})cos(—a}) + cos(ai)sin(~ai))]c(“:"“;’
= [z'(cos(a} — a}) — Z*sin(a} — a})] = 7'
Similarly,

# = [glsin(a] — a}) + 7P cos(a] — a})] = 2
Therefore, the inverse transformation
T 'Tyz=1Iz=1z

1s satisfied.



4. As a final step,we need to establish associativity. This can be shown
quite readily as follows:

To3(Taz2 Ta1)z:
= (:z:1 cos[a3 + (a2 + al)]
—:tzsin[a3 + (a2 + al)])e(a’+(a’+a’))
¥ = (2! sin[a® + (a® + d*)]
+22cos|a® + (a® + al)])e(as+(a’+a‘))
Similarly,
(Ta3 Taz) Torz:

3 = (stcos|(a® + @) + @] — Psinf(a® + o?)
+a1})c[(a’+a’)+a‘]

5 = (z'sin|(a® + a2) + a!] + P cos[(a® + o?)
+a1])e““3+"2)+“1]

Thus, the group property of a transformation has been established.

2.3 The Concept of an Infinitesimal Transformation

Having established the group character of a set of transformations, we
now proceed to introduce the concept of an infinitesimal transformation.
The discussion here will be limited to a one-parameter group.

A group is said to be continuous if its elements are identified by a set
of continuous parameters. Thus, a set of transformation

z= ¢(-’5; Y, a) ) y= ‘1’(31 Y, a) (2'1)

is an example of a one-dimensional continuous group of transformation.
Since ¢ and ¢ are continuous functions, the transformation can be
written as
3=¢(%y; a0+€) ) !7=¢($;.%00+5) (22)

where ag is the value of the parameter corresponding to the identical trans-
formation,i.e.,

zZ= ¢(zl Y, 0'0) =z ; ¥= 'll)(.'l:, y:aO) =y (23)

and e is'an infinitesimal quantity which changes x and y by an infinitesimal
amount and is defined as an infinitesimal transformation.

10



Expanding in Taylor series, Eq.(2.2) becomes

2 92
= (s 900) + 5(50), + (52

8a’% ' 2'3g2’
v (2.40)
and 2 52
7= (5,00 + 5(35) 0 + 5 (50)e
TR (2.4b)

Since ¢ is an infinitesimal quantity, Eq.(2.4) then becomes

z=z+¢é(z,9) + O(¢?) (2.5a)
7=y +en(s,y) + O(?) (2.50)
where 94
E(I, V) ( )aO
n(z,y) = (Z‘ﬁ)

and the relation for the identical transformation, Eq.(2.3), has been used.

Eq.(2.1) is the “global transformation group” and Eq.(2.5) is the “in-
finitesimal transformation group”.

2.4 Relation Between Global and Infinitesimal Groups of Transformations
A given function f(x,y) would be changed to f(z;, y1) if it is subjected to

the infinitesimal transformation defined by Eq.(2.5). Expanding in Taylor
series, f(z1,y1) becomes

f(z1,91) = flz+ €€,y + en)

2
=f(z,y)+%Uf+€2—!U2f+ ........ (2.6)
where P
o= 1 n¥
y

and U"f represents repeating the operator n times.

Ezample 2.1 Consider the infinitesimal transformation represented by

—T
Uf = ya +z ay

11



This means that the transformation functions, Eq.(2.5), are given by
&(z,9) = ~yn(zy) ==

In order to obtain the global group, the following subsystem must be
solved:

dz  dy
— —z! = fl'-’ (2.7)
Eq.(2.7) can be rewritten as
Ty T, 29)
The solutions of Eqgs.(2.8) can be written as *
z = c;cos(a) + cos1n(a) (2.94)
¥ = cacos(a) + c4sin(a) (2.90)

To determine the four constants, we first substitute Egs. (2.9) into
Eqs.(2.8) and get

cg=c; and —c3=cy

The identity transformation is obtained by setting a=0. Egs.(2.9)
therefore give
ci=2z and c3=1y

The global group of transformation can be written as
z =z cos(a) — y sin(a) (2.10a)

¥ =y cos(a) + z sin(a) (2.108)

Ezample 2.2 Consider the infinitesimal transformation represented by

_ .9 af
Uf— 6115‘*'033/8—!]

The transformation functions are given by

fz,y) =az ; n(z,y) =coy

* Combining Eqgs.(2.8), we obtain

12



To obtain the global group, the following subsystem must be solved:
di  dy da

— 2.11
1T €2y 1 ( )

Integrating Eq.(2.11), we get:
T=X1€"% ;g =Ae?’ (2.12)

To obtain the identity transformation, we set a = 0. Therefore, A\; = z and
A2 =y, and the global group of transformation is

=A%z ; y=A%y (2.13)

where A = ¢° is the parameter. Transformations represented by Eq.(2.13)
form a “linear group of transformation”.

Ezample 2.8 It can similarly shown that the infinitesimal operator

. a 3
Uf‘—‘ c15‘£+ Czya—';

would correspond to the one-parameter global “spiral group of transforma-
tion”:
z=z+A ; §=yet (2.14)

2.5 The Concept of Invariance

A function f(x,y) is said to be invariant under the infinitesimal trans-
formation defined by Eq.(2.5), if it is unaltered by the transformation,i.e.,

f(z,3) = flz,) (2.15)

Eq.(2.6) shows that Eq.(2.15) will be satisfied if Uf , U?f , Uf , etc. are si-
multaneously equal to zero. However, since U2f=U(Uf) and UPf = U(U?f),
it follows that the condition

5 8
Uf=§a—£+r;—a—fy—=0 (2.16)

is both necessary and sufficient requirement for invariance of f(x,y).

Based on the above theorem, the “invariant function” under a given
group of transformations represented by Uf can be solved from Eq.(2.16).

From elementary theories of partial differential equations ¢, we have
d
o B (2.17)
&€

13



The solution to this equation is given by (z,y)=constant, which is the
required invariant function corresponding to an operator U. Since Eq.(2.17)
has only one independent solution depending on a single arbitrary constant,
a one-parameter group of transformations in two variables has one and only
one independent invariant.

Ezample 2.4 Consider the rotation group given in Example 2.1. The so-

lution to the equation
dz _dy

-y z

is 2% + y?*=constant, and is the invariant function of the rotation group.

Ezample 2.5 Consider the linear group given in Example 2.2. The solution
of the equation

dz _ dy
iz oy
gives the invariant function
—— = constant
zcz/ 51

Ezample 2.6 Consider the spiral group given in Example 2.3. The solution
to the equation
dz _ dy

Y
gives the invariant function y/e°® =constant where c=cz/¢c;.
The above concept can easily be generalized to n variables. For n
variables, the condition for a function f(z;,.....,2,) to be invariant under a
one-parameter group of transformation

(i=1,.n) (2.18)

d
Uf = 81(21, ...... ,Zn)—;;—l + e + §n(z1, ....... ,Zn)—z- =0 (219)

The invariant functions can then be solved from the following system of

equations
dzy.. dz,

61 &nv

14
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Since there exists (n-1) independent solutions to Eq.(2.20), it follows that
a one-parameter group of transformations in n variables has (n-1) indepen-
dent invariants.

2.6 Invariance of Differential Equations Under Groups of Transformations

A basic theorem on the determination of relationships satisfied by func-
tions admitting a given group of infinitesimal transformation will now be
given. Consider a function

akyl akyn
© = (21, 00s Zm; Y1y oes Ynj ooess m, ey 5:—0:’-‘-)

the arguments of which, assumed p in number, contain derivatives of y; up
to order k. Such a function is known as a differential form of the k — th order
in m independent variables. If the arguments are designated by z,...., 2,
where

...........

R
P 3(zm)k
the function ¢ can be written in a simpler form as
e =p(z1,...,2p) (2.21)

The function ¢ is said to be invariant under the group of infinitesimal
transformation defined by

5=z +e&i(z1, 0y 2p) + O(€7) (2.22)
(t=1,...,p)
if Up=0,ie.,
3 dp
€1(21, o z,,)é-f; F ot oty ) 5 = 0 (2.23)

It was shown that for a group of transformations with p variables,
Eq.(2.22),there are (p-1) functionally independent invariants:

fim = Oml21, -0, 2,) = constant (2.24)

15



satisfying Eq.(2.19),i.e.,

90, 0,

Ela + e +& 3z, =0 (2.25)

Now, if a change of variables is made of the given function ¢, Eq.(2.21),
from (21, .....,2p) t0 (N1, .., Mp—1,2p), We get

(21, s 2p) = (11, s Tyt ) (2.26)

The condition of invariance of ¢, Eq.(2.23) becomes

LT SR
+€p(::1 Zm TR gz ZZ)
= a_¢(51 3'71 Epgfh)
35:’; @ a’;'::‘ et 67
+(€1+ et Ep)—— =0 (2.27)

Based on Eqgs.(2.24) and (2.25), all the terms in Eq.(2.27) except the last
term are gzero and, as a result, the following important conclusion is ob-
tained:

81/1(771, o p—1) zp)

=0
0z,

which means ¢ is independent of z,. Eq.(2.26) then becomes

021, 00 2p) = P[0, 0000 p—1) (2.28)

Thus, the conclusion that if © is invariant, it is then expressed in terms of
(p-1) functionally independent invariants,i.e.,

©(21) s 2p) = (01, 0y Mp—1) =0 (2.29)
As a result, the number of variables is reduced by one.

Morgan, % proved the above theorem in a different manner. A brief
outline will be given below. Assuming that y; are the dependent variables

16



and z; the independent variables in the one-parameter group of transfor-
mations

T.: Xi=fi(z1,.002m;0)

the system of partial differential equations of order k

akyl aky
©5 [Il; ooy Tmy Y1y eeees Yns W’ vy azm’;] =0

is invariant under this group of transformation, T,,if each of the ¢; is
“conformally invariant” under the transformation T,* *. This means that

akyl akyn
SO[Ih s Tmi Yryeees Yns al-,;, 0 bz—m;]
*y
= F[21, 00 Zms Y1, o0y Y wove gﬁ; a]
ak
©[B1, ey Tm Y1y oy Yn e Yn ] (2.30)

7 8(zm)*

If F = f(a), p; is said to be “constant conformally invariant” under
T,*. In particular, if F=f(a)=1, p; is said to be “absolutely invariant”
under this group of transformation.

The above result leads to the theorem of Morgan!®:

Theorem: Suppose that the forms ¢, are conformally invariant under the
group T,*, then the invariant solutions of p; = 0 can be expressed in terms
of the solutions of a new system of partial differential equations.

o*F,
a(nm—l)k

The n; are the absolute invariants of the subgroup of transformations on
the z; alone and the variables F; are such that

SDJ'[nl""lnm—l;Fl}"')Fn;"‘; ] =0 (231)

Fi(n1, ..M m—1) = functions of (z1,...,Zm)

Although the same conclusions are obtained above, the method devel-
oped by Birkhoff ° and Morgan *° for a given group of transformations has
been found to be the simplest to apply. The invocation of invariance has
also led to (a) extremely successful deductive methods for obtaining various
groups of transformations from a general form as evidenced by the series

*»Werappendithertransformationnz, by a set of transformations of the
derivative of the y, up to k. The enlarged group is called 7,*.
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of works by Moran and Gaggioli, and Na and Hansen, and Bluman and Cole
presented in chapter 3, (b) the transformation of boundary value problems
to initial value problems, covered in chapter 9, and (c) discovering map-
pings that transform nonlinear differential equations to linear differential
equations as discussed in chapter 10.

2.7 The Extended Group of Transformations

For the one-parameter group of transformations
:T:=go(z,y,a) ; 37=t,/)(z,y,a)

defined in Eq.(2.1), the differential coefficient p(=dy/dx) can be considered
as a third variable which, under this group of transformations, will be
transformed to p by the following transformation function:

i S+ oy
p=—=35—3—=P(z,9,p; 0 (2.32)

It can be easily shown that the more general transformation
z=p(z,9,6) ; ¥=¢(zy0) (2.33)

p= P(zlylp; a)

forms a group !7, which is known as the extended group of the group given
in Eq.(2.1).

Next, the differential coefficient p for the infinitesimal transformation
defined in Eq.(2.5) is sought. It can be shown that the expansions given in
Egs.(2.4) can be written as !7

_ € e 3¢ 8¢
TR - PO YW
~ € e dn Oy
=yt (e + 5lég +ng 1+ (2.34)

The differential coefficient p given in Eq.(2.32) then becomes

dy+ §(2dz+ g—Zdy) + o

p_a+ﬂ§a+§M+m.
— €..0n dn, 0¢ o€ ,
=p+ = é,z+(ay az)p ay”]+ .....

18



or,if higher-order terms of ¢ are omitted,

p=p+eé(z,9,p)

where o¢ 5¢
on 08, _9¢ 2
¢(z,9,p) = + ( 3y 5.)? 5,7 (2.35)

Thus, the group of transformations defined by Eq.(2.5) and Eq (2.35) si-
multaneously,i.e.,
z=z+¢f(z,y) + O(¢%)

§=y+en(s,y) + Oe?) (2.36)
p=p+e(z,y,0) + O?)

form a group known as the “extended infinitesimal group of transforma-
tions”. Note here that p is considered as an independent variable.

Extension of the concept to higher order derivatives can be made based
on the same reasoning. Consider now the second- order derivative,

_d_ &y
=%~

which may be considered as an independent variable. Under the group
of transformation defined by Eq.(2.33), q will be transformed to g by the
following relationship:

8P -+ 6v p + Jp q

% +p5t

o
I
&l&

= Q(zl !I; p) q) a') (237)

The group of transformation defined by

i=¢(z,y,¢) ; v=1v¢(z9a);

p=P(z,9,p,6) ; 7=Q(z¥,0p 40 (2.38)

is known as the “twice-extended group of transformations”.
We can write the twice extended group of infinitesimal transformations
as follows:
z= 1+ €f(z,y) + O(¢?)

= y+en(z,9) + O(¢%)
p=p+el(z,9,p) + O (2.39)
g=q+ 65(31 Y0, q) + 0(62)
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where 5 5 " 5¢
6(z,v,9,9) = —'+P5§+ 95% -9 -a-;+p-a—y) (2.40)

The concept can be extended to higher-order derivatives. Three ex-
amples on the concept of extended group are given below.

Ezample 2.7 For the rotation group represented by

.
Uf = Y3, +$a

it can be easily shown that the extended group of infinitesimal transforma-

tions is
z=z+ €f(z,9) + O(¢®)

¥=y+en(s,y) + O()
P =p+e(z,9,0) + O)
where { = —yn = z, and from Eq.(2.35),

_On on i{

oL on_9 2 _ 2
T 3z (ay az)”+ay” 1+p

The symbol for this extended group of transformation is therefore

f"-yaf+ gl+(1+ 2)

Ezample 2.8 For the linear group , the extended group of transformation
can be shown to be represented by

a of
Uf = 0113—{ + Czya + (c2 — Cl)Pa

Ezample 2.9 TFor the spiral group, the extended group of transformations
can be shown to be represented by

_ of of of
Uf = cla +cgay+c2pap

2.8 The Characteristic Function
In this section, we will express the functions
&(z,9) 5 n(,9) 5 ¢(2,v,9) 5 8(z,9,p,9)
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in terms of a single function. Let us define an infinitesimal group of trans-
formations
z=z+ ef(z,9) + O(€?)

§=y+en(z9) + O(c?) (2.5)

where £ and n are the transformation functions of the group.
Let y = y(z) be a solution of the ordinary differential equation

My=0 (2.41)

where M is a linear or nonlinear differential operator. If the differential
equation is invariant under Eq.(2.41) the solution must map into itself,i.e.,

y¥(z) = ¥z, 9,¢) (2.42)
In terms of the infinitesimal transformation, Eq.(2.42) can be written as:
y(z+ €€) = y(z) + en(z, y) + O(€?) (2.43)

Expanding the left side of Eq.(2.43) and equating coefficients of €, we get:

£z, ) 3 = nlz9) =0 (240

Eq.(2.44) is called the “invariant surface equation”.
Solution of Eq.(2.44) would lead to the following transformation:

y(z) = F(z;n,1(n))

In order to express £ and  in terms of a single function called the “char-
acteristic function”,W, we rewrite Eq.(2.44) as:

W=¢p—n (2.45)
where p=dy/dx. It is seen that the characteristic function is indeed the

invariant surface.
From Eq.(2.45), it can be seen that

f==— ; n=p—-W (2.46)
For the extended group of transformation,
p=rp+ec(z,9,p) + O(e?)

=g+ 55('11 Y, q) + 0(62) (2'47)
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For the function ¢, Eq.(2.35) gives:

2w aw [62W ow <92W]_c9"’W2

S'(I;.%P)=Pazap’79?+ payap‘a_y—azap ayapp
(2.48)
or, aW aw
$(m9,p) = =5 = p - = —X(W) (2.49)

where the operator

x) =52+,

oz dy
For the function 6, Eq.(2.40) gives

55,0, 0) = - 1+ o2 _ @2 W | B2W,

aw a*w 8w azZw 9w

WGy * 55z T Papay) ~ “Gazp T Paep)
AL A 282W)_ W
T2 TPy TP B2 T Ty
2W  8°W
-29(5;9; + P'é-y-g;) (2.50)
or,
5(z,9,9,9) = —(X* + 20X + q—a—)W (2.51)
2 92 P ap 3y

where 8%() . 8%() . ,8%()
_ 2
Xt = a2 + 2p3z3y tr oy

The same approach can be followed to obtain the transformation function
* of the third-order derivative, r(=d>y/dz®), where

F=r+ep(z,9,p,9,1) + O?) (2.52)
with
" LN
P :y:P; Q; - az ayp

36 96 ¢ a¢
+—q+ —r r(a—$+5;p)

5,9 3¢ (2.53)

*Insthissbook; the terms “transformation functions” and “infinitesimals
of a group” are used interchangeably.
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In terms of the characteristic function, W, we have

_ oW oW, _ , 82W
o= XWX+ 3aX( )+ 58 (5 ;)
oW, oW
+r{3X( ——-ap )+ "5;' (2.54)

where X( ) and X?( ) are defined in Eqs.(2.49) and (2.51), and

3%() 8%() ., ,8%)
57 T P523y TP 30y

3%()
1552

X() =

2%()
929 y?

+ pzaa( )] (2.55)

+2p EPo

2.9 Transformations Involving Two Independent Variables

We will now consider transformation in which the number of indepen-
dent variables is two. Such transformations are needed if partial differential
equations are to be treated. Choosing t and x as the independent variables
and u as the dependent variable, we now introduce the infinitesimal trans-
formation

t=t+ea(t z,u) + O(e?)

z= 2+ €f(t,z,u) + Oe?) (2.56)
U= u+€§(t: I, u) + 0(62):

where a,8 and ¢ are the transformation functions. Let v = u(z,t) be a
solution of the partial differential equation

Mu=0 (2.57)
where M is a nonlinear or linear differential operator. If the differen-
tial equation, Eq.(2.57), is invariant under the group of transformation,
Eq.(2.56), the solution must map into itself, i.e.,

u(Z,?) = u(z,t, u,€) (2.58)
In terms of the transformation functions, Eq.(2.58) can be written as:

u(z+ €h,t + ea) = u(z, 1) + e¢(z, t, u) + O(e?) (2.59)

Expanding the left-hand side of Eq.(2.59) and equating the coefficients of
€, we get:

Ju Ju
B(v, z, t)a+a(u,z, t)a =¢(u,z,1) (2.60)
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Eq.(2.60) is the “invariant surface condition”. The solution of Eq.(2.60)
would lead to the similarity transformation

n(z,t) = constant

u(z,t) = F(z,t,n,f(n)).

In order to express o, and ¢ in terms of the characteristic function, W,we
rewrite Eq.(2.60) as

W=ap+Bg—¢ (2.61)
where
v _ ou
P=% ' 1T 5

It can be seen that the characteristic function is the invariant surface equa-
tion. Using Eq.(2.61), we have

L4
ap
oW
=5 (2.62)
AW AW
=p— tq— W
¢=rg i,

Eqs.(2.62) give a,f and ¢ as functions of the characteristic function, W.
Next, the group is extended to include the differential coefficients p
and g, i.e.,
p=p+em(t,z,4p,q) + O()
§=q+ €7r2(t; z,u,p, q) + 0(62) (2'63)

The extended transformation functions or infinitesimals of the group, =,
and 7o can be expressed in terms of o, § and ¢. Details are as follows:

at 9
(—3—1:——[? ea(t, z,u)] + O(¢*)
da aa 8t &2
from which,
at _ 1
= O
3t 1+€ T T '37 ) + (€ )
=1- e(‘Z +3=p) + 0(e?) (2.64)
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Similarly, we have

gé - —-[z— B(t,3,u)] + O(¢?)
—1- (aﬂ - ?-éq)a’+ 0(c?)
from which 9z EY: 2
5___1_ (a +——q)+0(€) (2.65)
Next, we have
% = %[’t - ea(t,z,u) + O(é%)]
—eéa—_[a(t,z, u)] + 0(e?)
=22+ 2% o)
Therefore,
g—; = (ZZ + —q) + 0(é?) (2.66)
Finally, we get
g_; (%[2-— eB(t,z,u) + O(¢?)]

- —e-a:[ﬁ(t,z, u)] + O(¢?)

- _e(?_ﬂ + ?.é p) + 0(?) (2.67)

Using Egs.(2.64) to (2.67) and the chain rule of differentiation, we can
obtain the derivatives:

n'l glJ

- %[u+ e (t, 2, u) + O(e?))
[u+ ec(t,3, u)] + —[u+ e (t, z, u)] + 0(¢?)
= [p+e( + —p)][1° ( + _”)]

Hot o+ 2 gL + L)+ 0

Therefore,
. i " [ag m d¢ (aa da
P=51 = PT oG T 5.7 ot p)
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9 0B

B Ad ol il 2
and o a
r_9 2
35 = gzl T (b e y) + 0(€)]
3 at 8 dz 2
= slut etz vz + -lute(tz,u) 50 + O(e?)]
_ 6 95 vi_ B2 %
=[p+elz; + g all-<(5; + 579
B¢ B i (BB o
Hete(z + o alll —el(57 + 579 + O(F)
Simplifying,
__du_ & & 88 8B 2

—¢(5 + ‘;P) (2.70)

_ 3¢ 9p
7r2_3:1:_'-(614 az)" auq
da Oa

—P('é; + S ) (2.71)

In terms of the characteristic function, W, the above equations become:

ow oW

™= TPy (2.72)
oW ow

Il ek o (2.73)

Higher-order derivatives can be derived in a similar manner.

2.10 Transformation Involving Two Dependent and Two Independent Vari-
ables

We will now consider transformation in which the number of dependent
and independent variables are two. Let the dependent variables be u(t,x)
and v(t,x). We introduce the infinitesimal transformation

1= t+ ea(t,z,u,v) + O(?)
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z=z+¢f(t,z,4,9) + O(¢?)
t=u+tec(t,z,u,9) + Oc?) (2.74)
7= v+eb(t,z,u,9) + O(e?)

Let u(x,t) and v(x,t) be the solutions of partial differential equations:

Mi(y,v)=0 ; 1=1,2 (2.75)

where M; can be linear or nonlinear differential operator. If the differen-
tial equations, Eq.(2.75), are invariant under the group of transformations
defined by Eq.(2.74), the solutions must map into themselves,i.e.,

u(z,7) = u(z,t, 4, v; €)
v(Z,7) = 9(z,t,u,v; €) (2.76)
In terms of the infinitesimals, Eq.(2.76) can be written as:
u(z+ €B; t+ ea) = u(z, t) + €¢(t, 2, u,9) + Oe?) (2.77q)

v(z+ €B; t+€a) = v(z,1) + €b(t, z,u,9) + O(c?) (2.77b)

Expanding the left-hand sides of Eqs.(2.77) and equating the coefficients of
€, we get:

Ju du

B(z,t,u,v) P + afz,t,u,v) 5 ¢(t,z,u,0) =0 (2.78a)
dv dv

B(z,t, u,v) 72 +a(z,t,u,v) 5 6(t,z,u,v) =0 (2.78b)

Eqs.(2.78) are the invariant surface conditions, and lead to the similarity
transformation
n(z,t) = constant

u(z,1) = F(z,t,1n,f(n))
o(z,) = G(z,1,7,9(n))

In order to express a, 8, ¢ and § in terms of two characteristic functions,
W and W, we rewrite Eq.(2.78) as

W1 =Bpiz +apu1 —¢

W2 = Bpaz + apa1 — 6 (2.79)
where
= du : _ Ju
pu = EYRRR P12 = 3z
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_av ) _av
le—at ’ p22-3x°

It can again be seen that the characteristic functions are the invariant

surface equation, rearranged.
From Eqgs.(2.7), it can be seen that

6W1_6W2 ) __6W1_3W2
dpin  Opar Op1z  Opz2
aw; oW
= —_— — - W 2.80
$=pu dpu1 pw,'_aplz ! ( )
oW, aw,
6= — 4 pgg——= — W,
P21 ET™ D22 ETR 2

Eqs.(2.80) express the transformation functions or the infinitesimals of the
group, o, B, ¢ and § in terms of the characteristic functions W; and W,.

Next, the group is extended to include the coefficients p;;,p12,p2; and
p22, namely,

P11 = pu1 + 11 (42,4, v, p11, P12, P21, P22) + O(€%)

P12 = p1z + m12(t 2,4, v, p11, P12, P21, p22) + O(€%)
P21 = pa1 + 721 (%, 7, 4,9, P11, P12, P21, p22) + O(€?)
P2z = paz + T22(t,3, 4,9, p11, P12, P21, p22) + O(€°)
(2.81a,b, ¢, d)

The extended transformation functions 71,712,721 and 722 can be ex-
pressed in terms of o,8,¢ and §. Details are given below:

at 9 5
Fri a(t ea(t, z,u,v) + O(e?)]
aa da
-—1—-6[ Tt ta, Pm} +0(e)
from which,
at 1
—_= = - = + 0(€2)
0t 1+¢G + Spu + 5opa]
or,
ot Ba da
Frint e{ + 5opu + Gopa] + O) (2.82)
Similarly, we get
9z _ ap 98 ap o
55 =1 e[az T30t E””] + O(¢*) (2.83)
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Next, we have

ot 9. \
i ﬁ[t ea(t, z,u,v)] + O(e?)

6a o]
= —G{ 3 T rz+ aap"zl + 0(é?)

6 da da
""‘6[1‘*3 P12+a paz| + O(e?)

and similarly

o __ Y \
31 [at 3 P11 T gy pal+ O

(2.84)

(2.85)

With the above relations, we can now obtain the transformed derivatives

as follows:
du

_9 2
e a.t[u+ (b, z,u,v) + O(e*)]

d oz 2
=+ 5‘5[%1'{'65‘]6—? + O(E )

o] 0 d
= [p1 + 6(5% + 5%?11 + a—g-Pm)]'

da Oa da

+ ER — 11 + —p2))

1= (32 =

a 2]
+{p12 + 6( a§ P12 + %Pzz)]

d a
[—e(5 + a—ﬁpn + )]+ 0()

Therefore,
P = QE = + E[( + 2(_ + ag )
P11 EY; P11 3w P11 3v 5. P21

6a aa da
-Pn( 3 P+ a—P21)

2} a a
~pia(55 + a—ﬁm + L)l + 0()

Similarly,

&l

3 3
= p12 + f[( -a-imz + -a-%Pzz)

a1

12

[l
Q:'Q:

- (——+a + o)
P11 aPlZ aPzz

a 0
"1’12("9—13i + aﬂ p12 + ;Pzz )] + O(€?)
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Now,

<t

F) 2
5_[0+e5(t,z, u,v) + O(e*)]

Q:I o
ol
]

aé(v+e5) —(""'65)&:}+ 0(<*)

0z
= +( + 2 +a—6 )l
P21 T € at M o P11 P21

d 3
[1‘5( aaPn + ﬁl’zl)]

+[ n 86+36 +36 )]
p22 € 3t ' du P12 EP P22

Therefore,

_82 a6 + a6 + a6 )
du P11 avPZI

da Oda da
-+ EM —p11 + —p21)

dv
‘Pzz( + gﬁpn + g—ﬂpzl)] + O(€?) (2.88)

In a similar manner,

@ + ( 6 66 1)
P22 = 32 = pa2 + €] 6 P12 + 3v —p22)

aa da

—P21( a P12+ a—Pzz)
_ aﬂ 98 . ap .
1’22’(‘9:’J T Pt avaz)] + O(¢*) (2.89)

Comparing Eqs.(2.81) with Eqs.(2.86) to (2.89), and equating the coeffi-
cients of ¢, we get the extended transformation functions or the infinites-
imals of the group, m1;,m12,m2; and mo2. These transformation functions
can be expressed in terms of two characteristic functions, W; and W;, by
substituting Eqs.(2.80) into expressions for m1), 712, m2; and 7z2. Due to
their complexity, we will not repeat them here.

2.11 Dimensional and Affine Groups of Transformations
The dimensional group of transformations T, can be subsumed in the

general group of transformations defined by Eq.(2.1). The dimensional
group which can be expressed as

r: Z,- = gl qNr Z; (2.90)

30



is associated with the concept of “dimensions”. For I' < m the parameters
of the group I' are non-essential if and only if the rank o of the matrix
of exponents [Ty | (i=1,....,mja=1,....r) is less than rjg < r. For m<r,
however,the parameters are always non-essential.

For each i, the exponents 7;, (a=1,....,r) of I' are termed “dimensions”.
If I';y =0 for any i, and all a, then the physical concept associated with z; is
said to be dimensionless with respect to I'. The matrix |y, |,(i=1,....,m;a
=1,...,r) is called the dimensional matrix.

The product ,,

7, = (251 - (2m o™ (2.91)
p=1,...,1n)

has a wide use in a number of engineering applications of dimensional anal-
ysis.

The functions (7, : p = 1,....,n) defined in Eq.(2.91) are absolute
invariants under a r-parameter dimensional group of transformations, if
and only if the k’s satisfy the system

Y kpitia =0 (a=1,..,7) (2.92)
=]

It is interesting to note that the absolute invariant functions or products
are non-dimensional.

For clarification of the above concepts, consider the problem of deflec-
tion, é, of a structure of a given shape under dynamic loading. § would
depend on the size of the structure which can be represented by a charac-
teristic length L, modulus of elasticity E, mass density po, frequency 1 of
the application of loading, amplitudes F and M of the applied forces and
moments, respectively. The dimensional group of transformations I'g can
be written as

To : &=dYya}ayé

p = a}ra; >apo (2.93)

The dimensional matrix becomes
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Based on traditional dimensional analysis 18, the following relationship
can be deduced: .
F M QLp/?
EL?’ EL3’ E'Y/2 )

= ¢( (2.94)

]
L
where the quantities

% . F/(EL?) , M/EL® and QLpY/?/E?

are the non-dimensional 7 terms. It can be easily verified that the = terms
are absolutely invariant under the dimensional group of transformations,I .
For example,

F aparag’F
EI*  gpa;'az?Ed) d?a}L?
F
=T (2.95)
The affine group of trnsformations can be expressed as
Zi=AiZ; (1=1,..m) (2.96)

where A; are the parameters of the group. The affine groups are utilized
in the Hellums-Churchill procedure discussed in chapter 3 and 4.
The one-parameter dimensional group can be thought of as subsumed
under the affine group,i.e.,
Z,' = a* Z; (297)

where A; = a%.
For this reason, the affine group defined in Eq.(2.96) can be considered
somewhat more general than the one-dimensional group, Eq.(2.97).

2.12 Summary
In this chapter, the concepts of the continuous transformation groups

wererdiscussed-in:detail:» Thesideas of infinitesimal group of transformations
and extended groups were introduced. The important concept of invariance
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of functions and differential equations under infinitesimal groups was elab-
orated. It was also shown that invariance of differential equations under an
infinitesimal group of transformations led to a reduction in the number of
independent variables. The notion of characteristic function as an invariant
surface condition was introduced in this chapter. The invariant representa-
tion expressed in terms of the characteristic functions, offers simplification
and elegance in derivation based on the deductive methods of invariance
analysis as will be seen in the later chapters.
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Chapter $

A SURVEY OF METHODS FOR DETERMINING
SIMILARITY TRANSFORMATIONS

3.0 Imtroduction

In this chapter, different methods for determining similarity transfor-
mations of partial differential equations will be discussed. A similarity
transformation reduces the number of independent variables in the partial
differential equations. The transformed system of equations and auxiliary
conditions is known as a “similarity representation”.

Direct methods of similarity analysis do not invoke invariance under
a group of transformations. They are fairly straightforward and simple to
apply. The separation of variables method of Abbott and Kline !, and the
method of dimensional analysis fall into the category of direct methods.

The group-theoretic methods on the other hand are more recent, and
are mathematically elegant. The underlying basis in any group-theoretic
method is that of invariance. Birkhoff> and Morgan’s® method involves the
use of an “assumed group of transformations” at the outset of the analysis.
Hellums and Churchill’s? procedure is essentially similar to the Birkhoff-
Morgan method, however, the use of mass, length and time as fundamental
dimensions is implied in the procedure. Consequently a non-dimensional
similarity representation is obtained.

The deductive methods of similarity analysis start out with a general
group of transformations. The equations and boundary conditions are ren-
dered invariant under the general group, and similarity solutions are subse-
quently derived on a systematic basis. Deductive group methods are further
classified into (a) finite group method and (b) infinitesimal group method.
Moran and Gaggioli® have developed a deductive procedure based on finite
group of transformations. The infinitesimal group method of Bluman and
Cole® starts out with a general infinitesimal group of transformations and
systematically deduces the similarity transformations. The characteristic-
function method of Na and Hansen’ is, again, based upon an infinitesimal
group of transformations. However, the introduction of the characteristic
function renders the subsequent mathematical description in terms of a
single dependent variable. Since the finite group is generated by the in-
finitesimal group, it is adequate to use the infinitesimal group methods for
the systematic derivation of similarity solutions.

3.1 Direct Methods

() Separation of Variables Method of Abbott and Kline®
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Consider the linear heat equation

8%y  du

The question we ask is whether a transformation of variables exists
which reduces the number of independent variables in Eq.(3.1) from two
to one? The dependent variable u would then transform to a function of a
new independent variable ¢ alone, such that u(x,t) — u(¢) where ¢=¢(y,).
The resulting equation would be second-order in terms of ¢.

In the separation of variables method, the transformation is assumed
as

u= bg()£(s) ()
where ¢ = ay/t™; a , b and m are constants that will be subsequently

determined. .
By the chain rule of calculus, we can write the partial derivatives as

du_0vds _,.ntle

o U w (5:)
3%u 3 du 8 du d¢ _de'a2
i ML

Similarly,
ou
at—b_f()+b () dgdt
=blg'f - '"Wf' (3.5)

Substituting Eqs.(3.3) to (3.5) into Eq. (3. ), we obtain the following trans-
formed equation

bof - — b1 - TS5 (5.5)
Dividing throughout by b-¢-f and rearranging,
! !
Srom o Ly oy ms (L
(Lyem = Lo+ 2o (87

An examination of Eq.(3.7) shows that if # 2™ =constant, that is 1-2m=0,
then the right hand side is a function of ¢ alone.
If the left hand side is equated to a constant A such that g't/ g=A, then

g(t) = got* (3.8)
where g is another constant. Thus the required similarity transformation
is

ay
v ="bgot" f(— 3.9
90 f ( ‘\/;‘,) ( )
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which is a well-known result.
The transformed ordinary differential equation can now be written as

2f' + %5!’ ~M=0 (3.10)

(B) The Method of Dimensional Analysis

The application of the method of dimensional analysis for finding sim-
ilarity transformations has been nicely demonstrated by Sedov®. General-
izations to the method have been proposed by Moran® and Morrison®. In
this section, we will use the dimensional analysis procedure as suggested by
Moran and Morrisson, which we shall refer to as the “Modified Dimensional
Analysis”.

The success of dimensional method depends on the proper identifica-
tion of the physical parameters and variables that go into the description
of a physical problem. As an illustration, we will consider the following
boundary value problem commonly known as the Rayleigh Flow Problem.
An infinite plate is immersed in an incompressible fluid at rest. The plate
is suddenly accelerated, so that it moves parallel to itself at a constant
velocity,Uy. Let u be the fluid velocity in the x-direction, v and w the
velocities in the y and z directions, respectively. From physical symme-
try v=w=0, and the viscous-diffusion equation describing the flow can be
written as

8%y du

_— = = 3.11
Va,ﬁ at (3.11)
where v is the kinematic viscosity, and ¢ is the time.
The boundary and initial conditions are:
u(0,t)=Uy t>0
©(y,0)=0 y>0 (8.12)

u(o0,t) =0

In the method of dimensional analysis used here, we will distinguish between
lengths in different directions by assigning for each direction a separate
dimension. By doing so, we will not lose the physical information that
would be needed to discover the similarity transformation. The velocity in
the z direction,u,can be expressed as

uv= f(y,v,t, Up) (3.13)

The “dimensional matrix” can now be written as
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u y t v Yo

M 0 0 0 0 0
L, 1 0 0 0 1
L_,, 0 1 0 2 0
T -1 0 1 -1 -1
ai az as a4 as

The rank of the matrix is 3 and the number of variables are 5. Therefore,
the number of P terms are 5-3=2.
The “dimensions” a; in the dimensional matrix are defined by the
realtionship
uy® % y% Uy =M°L,°L,° T° (3.14)

where the equal sign means “dimensionally equal to”.
The dimensional matrix is equivalent to the following system of equa-
tions:
a; + as =0

ap + 2a4 =0 (3.15)
—-a1+a3—a4—a5=0

Solving Eqs.(3.15), and rewriting Eq.(3.14),

(_ng)al [(I/tijllz]a2 =M°L°LS°T° (3.16)

where, again, the equal sign means ‘dimensionally equal to’.
The Pi-terms are therefore

u

= — : = y
T UO 3 w2 -(;t—)—lrz- (3 . 17)

The similarity transformation can now be written as

71 = f(m2) (3.18)
7 =) (5.19)

As an exercise, it would be worthwhile for the reader to repeat the above
example by using L = L, = L,, as is the case in “traditional® dimensional
analysis. It will be discovered that a similarity transformation will not re-
sult. The reason lies in the fact that, physically speaking, u and Uj are
measured in the x direction while v is defined in terms of the y direction.
However, if the distinction between L, and L, is not made, some physical
information is lost resulting in the failure of the method. We therefore rec-
ommend that such problems be analyzed by assigning separate dimensions
tondifferent-directions;assissdonesins the Modified Dimensional Analysis
proposed by Morrisson ! and by Moran!!.
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3.2 Group-Theoretic Methods

We have seen in chapter 2, that the invocation of invariance of a partial
differential system under a group of transformations would lead to a reduc-
tion in the number of independent variables. The concept of invariance
plays a key role in the mathematical formulation of the group-theoretic
procedures. The main advantage of using group-theoretic procedures is
that they are systematic. Invariance can be invoked either by using an “as-
sumed” group, or by starting out with general groups and then applying
deductive procedures.

(a) Birkhoff and Morgan’s Method

This method was the first application of Lie’s theories of continous
transformation groups to similarity analysis. In this method, a group of
transformations is defined a priori, and invariance of the partial differential
equation is then invoked. Two groups, namely the linear and the spiral, are
used here to illustrate the Birkhoff-Morgan method. Although the choice
of assumed groups of transformations limits the generality of the results,
the process for obtaining similarity solutions is clearly demonstrated. Fur-
thermore, the majority of the problems of engineering interest are covered
by the linear and spiral groups of transformations.

Consider again, the heat equation

du 8%u
Y —y—=0 3.11
3t U3y (3.11)

subject to the auxiliary conditions
u(y,00=0 y>0

u(0,8) = U(t) t>0 (8.20)
u(oo,t) =0

Consider the linear group of transformations:
G: t=AM1; y=A"y ; uv= A" (3.21)

where A is the parameter of transformations and @, ao and a3 are con-
stants which are as yet to be determined. Invariance of Eq.(3.11) under the
above group gives:

du 0%

5t oy

e — L
o v e )

=0 (3.22)
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For Eq.(3.22) to be constant conformally invariant, i.e.,
du 0% du 9%

— -V

= F(A)— — y—
51 Vap - Tl vl
the powers of A should be the same. Therefore,
as —a; = a3 — 20 (3.23)

or,
az = —= (3.24)

Thus, the conditions set forth in section 2.6 are satisfied according to Mor-
gan’s theorems, and the partial differential equation can be expressed in
terms of (m+n-1) absolute invariants. In the present example, there are
two independent and one dependent variables, so that the heat equation
can be expressed in terms of two absolute invariants. To find these invari-
ants, it is necessary to eliminate the parameter of transformation, A, from
Eq.(3.21). In other words, we are required to find the r and s such that

yt" =yt" (3.25)
and
ut' = ui'
It can be easily seen that
1
r=-22=_- ; s=—=2=—§
[25} 2 (231

The similarity transformation can be written as

% = F(tl—%) (3.26)

It should be ascertained whether or not the auxiliary conditions are
invariant under the group defined by Eq.(3.21). The auxiliary conditions
4(y,0)=0 and u(co,t)=0 combine together as one boundary condition in the
similarity coordinate, ¢, such that F(c0)=0. Using Eq.(3.26) and trans-
forming the auxiliary condition u(0,t)= U(t) to the similarity coordinate,
we obtain the following:

w(0,8) = t F(0) = U(f) (3.27)

Therefore, when U(t) = Uyt’, where Uy = F(0), all of the auxiliary condi-
tions would be invariant under Eq.(3.21).
If we use the following boundary condition:

F(t) = Upsin™ (1) (3.28)

then the auxiliary conditions will not be completely invariant, and a sim-
ilarity transformation will not exist. However,by using superposition of
similaritypsolutions;pitumaygpbegpossible to obtain the required solution.
Such methods are discussed in chapter 6 of this book.
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The similarity representation for the heat equation for a variation of
U(t) defined by U(t)=Uo?, is

"+ %gF' ~§F =0 (3.29)
with boundary conditions
FO)=Uy ; F(o0)=0
Consider now the spiral group of transformation defined by
t=1+p1a ; y=e€M°% ; u=¢eP% (3.30)
Under this group, the invariant heat equation which takes the form

du 3w _ 4,88 efse 9%y
— }7; 3 (
at  3y?

37)“”;274:;('@3)-‘-0

is constant conformally invariant under Eq.(3.30) if

Bs = B3 — 262 (3.31)
or
f2=0
The absolute invariants are
=y ; Fln)=— 3.32
n=y ; Fl)=— (3.32)
where 5
=r
=5

The transformed heat equation is
vF" —pF =0 (3.33)

The solution to Eq.(3.33) with boundary conditions F(0)=C and F(c0)=0
is

= O (- o) (3.34
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From this solution it is clear that the similarity solution will exist only if
the initial condition is

(5,0) = € &~ VA»

(b) The Hellums-Churchill Procedure

Many useful similarity solutions cannot be discovered by the use of
traditional dimensional analysis. The use of simple affine transformations
would give rise to new results even in the relatively well-trodden fields of
fluid mechanics and heat transfer. Hellums-Churchill* proposed two exten-
sions to Birkhoff’s method of search for symmetric solutions by using the
more valuable affine group of transformations. The first extension is that
the problem of finding the minimum parametric description can directly
be related to the problem of finding the minimum description in terms of
the independent variables. In other instances, a non-dimensional repre-
sentation can be obtained without achieving a reduction in the number of
independent variables. The second extension proposed is that the method
can be applied to yield the classes of functions which admit the possibility
of a similarity transformation.

The Hellums-Churchill method implies the routine selection of mass,
length and time as fundamental dimensions, and therefore, the method is
suitable for physical problems. Since the transformation used is an assumed
affine transformation group, the results while more general than those ob-
tained by traditional dimensional analysis, are still restrictive.

We will now illustrate the use of the Hellums and Churchill procedure
by applying it to the problem of one-dimensional heat conduction of a semi-
infinite slab

8’T 9aT
a—a-;; = W (335)
with the auxiliary conditions
T(o, t) =T, ; T(OO, t) =0 ; T(y,O) =0 (3‘36)

The method of analysis' consists of the following steps:

(i) The variables in the problem description are rendered dimensionless, by
introducing arbitrary reference variables. Therefore,

T—TA. _y_

T=

wheresTosnTasyorandytoparesthesarbitrary reference variables, to be deter-
mined so that a minimum parametric description would result.
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(ii) The equations and auxiliary conditions are rendered dimensionless using
transformations,Eq.(3.35), as follows:

(3.37)

(i) The reference varaibles are determined by obtaining a minimum para-
metric description. The problem description can be expressed as

AL, 2R 25 A A (3.38)

For minimum parametric description, we set

aly T, — T, T,
—=1; =0 ; A=
!/02 T, To
Therefore,
ato=93 ; Ta=Ts ; To=Ta=Ts (3.39)

Therefore, the minimum description is

T-Ts _pr, 2
Ts Yo’ Y02

(3.40)

(iv) Since yo does not appear in the original description, it can be suitably
eliminated to give the following

T-Ts .y
=1L (341)

Eq.(3.41) is the required similarity transformation.

If the boundary condition at y=0 is replaced by a constant heat flux
condition, then
aT(0,¢)

q(O: t) =g =K 3y

The description of the problem becomes
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The minimum parametric description gives

aty = ¥ ; T=90_K!{0_; Ty=0 (3.42)

Therefore, the similarity transformation is given by

KTyt _ ¥
=) (3.43)

A group-theoretic viewpoint of the Hellums-Churchill procedure is dis-
cussed by Moran!! and Seshadri!?. The use of affine groups, as is implied in
the Hellums-Churchill method, could lead to results that are not obtainable
by using traditional dimensional analysis.

(c) Deductive Similarity Analysis : Moran and Gaggioli's Method

The main drawback of methods which use an assumed group of trans-
formation at the outset of the analysis is that the resulting solutions are
restrictive. Therefore, if an invariant solution cannot be discovered, one
should not conclude that similarity solutions do not exist. Recourse to de-
ductive methods of analysis using general groups of transformations could
systematically lead to a number of similarity solutions.

Consider again the heat equation given in Eq.(3.11). Instead of pro-
ceeding with an assumed group of transformations as was done in the earlier
sections, a general one-parameter finite group of transformations is intro-
duced as follows:

G: y=/(y,t;q)

= f'y,tq) (3.44)
= f"(u;a)
The group G can be enlarged using the chain rule of differentiation as
follows:
o _ 2t u
8t~ ‘audt’ at
dudy, du
Pu_ (98041 &u | Du 5%t B
832~ ‘9u'dy’ ‘6y?  ‘Budy?’ dt
dud%y,0u 01 ,0t,5,0%
(;9—“555)5!;+ [ﬁ(a_y) ];97
310y 0ty 0%u 8%% ,8y\qq,0u
+2(5;@5§)3y3t+ [5?(55) ](5)
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3w, d
+52(5)F)

+2(32u Btau)auau (3.46)

du? 3y 3y’ 9t Ay )
The first condition to be satisfied by the general one-parameter trans-
formation group is the requirement that the given partial differential equa-
tion, Eq.(3.1), be conformally invariant. According to Morgan’s theorem,

the conformal invariance of Eq.(3.1) requires that the following equation be
satisfied:

3u2

dv _ d%u
at Va.yz
Ju du 3%u
s F(t, Y, u, at, ..... )[E —VW] (3.47)
Substitution of Eqgs.(3.45) and (3.46) into Eq.(3.47) gives:
dw Ot 9%t,,0u 3% ,0y,0, 0%
[a(a_z Va_gﬁ)]'é? [au(ay) ]3y2
du 3%y

where
[au oy 3%y,,0u [au Aty 0%

au(at 555”55 au(ay)]aﬁ
dudy dt\ 8%u 0% ,0t\ 4 ,0u
(5;555;)5;5;- [auz(ay)](gg)
3%u,0y\qq,0u
[y
I
du? 3y 3y- 8ty
It is seen that conformal invariance will result if, simultaneously, R=0 and
at 3%t Ay
i Vag'/? (ay) (3.49)

For R to vanish, it is sufficient that the coefficients of the derivatives

P P o
dy ' 9y? ' 3ydt at
identically vanish, as follows:
84,0y %y
=ty —)=0
5z o)
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0% ,0t,\,
5;(5) =
au(ay at)
du 0y a3y
3%%,0t\,

au2(ay)

3%w,dy,,
dv? (ay)

|
o

=0 (3.50)

d%u, 0t dy
auz(ay ay) =0

Now,since the derivatives

ou oy 5 by, o
8u’dy’ dt’ 3y at

do not vanish, Eq.(3.50) is satisfied if

o) 3231
oY _ %% 3.51
at By (3-51)
ot _
(—9—5—’= (3.52)
3%u_
= (3.53)

_ (9¥y2
- (@ (554
Multiplying Eq.(3.51) by 2(8y/8%) and making use of Eq.(3.54), we get:

3y, Oy 32
2 - .
G- 059
The second term is seen to be zero from Eq.(3.52). Since 8y/87 is not zero,
Eq.(3.55) indicates that:

dy

Lo (3.56)
Eq.(3.51) therefore becomes

3%y

—= 3.57

o (8.57



Eqgs.(3.56) and (3.57) show that
v = Ki(a)y + K>(a)
or,
§=ci(a) y+ c2(a) (3.58)

Substituting y from Eq.(3.58) into Eq.(3.54) and integrating, the fol-
lowing relation between 7 and t is obtained:

t=[c1(a)]’t+ cs(a) (3.59)

Eq.(3.53) yields
t = cq(a)u+ cs(a) (3.60)

Thus, the diffusion equation, Eq.(3.1), is conformally invariant under
the group of transformations,

G: §=fy0)=cia)y+c(a)
t=f'(t; ) = [c1(a)]*t + c3(a)

= fu(y; a) = ca(a)u+ cs(a) (3.61)

Based on Morgan’s theorem, if a given partial differential equation
transforms conformally under a group of transformations, then it can be
expressed in terms of the functionally independent invariants of this group.
Before the invariants are found, however, additional restrictions will be
placed on the function f, by the requirement that each of the auxiliary con-
ditions (i.e., the boundary connitions and the initial conditions) be satisfied
by solutions invariant under the transformation group G.

Let us denote an invariant solution by I(z!, 22),i.e. for all values of the
group parameter a,

fuly; a) = 1[f*(y; a), f*(t; a)) (3.62)
Since this is an invariant solution, it can be written as
u=1I(y,1) (3.63)
For group G, defined in Eq.(3.61), Eq.(3.62) gives
ca(a)u+ cs(a)

= I[c1(a)y + c2(a), (c1(a))*t+ c3(a)] (3.64)

Specializing the group to account for the auxiliary conditions as stated in
Eq.(3.12), we get:

Ile1(a)y + cz(a), ca(a)] = cs(a)
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Ilcz(a), (a)t+ ca(a)] = ca(a) Uo + cs(a)
I oo, cf(a)t+ c3(a)] = ¢5(a) (3.65)

After considerable algebraic manipulations, the following can be found
to hold:

cz2f(a) =0
cs(a) =0
cefa) =1
cs(a) =0

Thus, to satisfy Morgan’s sufficient condition for the existence of a sim-
ilarity transformation of the partial differential equation, and to satisfy the
necessary condition imposed by the auxiliary conditions, a transformation
group must be of the form:

G:  §=f(y;a)=ci(a)y

t=f(ta) = [cl(a)]zt
1= fu(y;0)=1u (3.66)

The two absolute invariants required can be established by Eq.(2.20),

with
dy dt du

F(wa)l,  F(Ga)l,  Uelu ),

where the subscript e in Eq.(3.67) represents partial differentiation with
respect to a. Eq.(3.67) can also be written as

(3.67)

dy dt _ du
ci(d)y  2ci(a)ci(a)t O
The absolute invariants are therefore:

U

=Y =%
ﬂ—zm and F(ﬂ)—UO

and the differential equation and its auxiliary conditions then become:

Fon+2nfy =0
with the boundary conditions:
F(oo)=0 ; F(0)=1

The.deductive group-method of Gaggioli and Moran (1966) can.therefore
be seen to be very general. No specific form of the transformation group
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is assumed at the outset. Conformal invariance of the given partial differ-
ential equation under the group determines the transformation functions.
The absolute invariants are then found, by a proper imposition of the aux-
iliary conditions. Thus; the trial and error nature of Birkhoff and Morgan’s
method is overcome.

Another approach was proposed by Moran and Gaggioli (1968a), in
which the class of transformation groups introduced is of a somewhat more
special, though still rather general form. Instead of introducing a very
general class of groups, as in Eq.(3.44), a relatively special form, such as:

y=c(a)y+ KY

t= c*(a)t+ KY
= c*(a)u+ K"

is introduced in place of Eq.(3.44). However, the other steps remain un-
changed. This method was extended for the multi-parameter groups and
was successfully applied to the similarity solutions of three-dimensional
boundary layer equations ( Moran,Gaggioli and Scholten'®) and the com-
pressible boundary layer equations (Gaggioli and Moran'4).

Other deductive group methods based on finite groups are discussed
in detail by Ames!®,

(d) Infinitesimal Group Method (Bluman and Cole)

The deductive group method of Bluman and Cole® starts out with a
general infinitesimal group of transformations. By invocation of invariance
under the infinitesimal group the “determining equations” are derived. The
determining equations are a set of linear differential equations, the solution
of which gives the transformation function or the infinitesimals of the de-
pendent and independent variables.

The heat equation uy, — %; = 0 is invariant under an infinitesimal
group of transformations:

2= u+eU(y,tu) + O(?)

I

¥=y+eY(y,tu) + O?) (3.68)

t=t+eT(y,t 1) + O

if and only if

Forsasboundary-value problem;:thesboundary conditions would also be in-
variant. U, Y and T are the infinitesimals of the group of transformations.
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As we have seen in section 2.9, the solution of the invariant surface

equation
Ju Ou
Uly, tyu) = Y(n,tu) 5=+ Ty, tv) 5 (3.69)

is the similarity solution. Bluman and Cole’s technique differs from the
method used by Na and Hansen in that the invariant surface is not identified
with the characteristic function. Subsequently, the determining equations
are expressed in terms of X, T and U, and their derivatives.

In order to evaluate the derivatives, we need the following transforma-
tions as has been shown in section 2.9:

8y 0

—_— T — Yy - 2
57 ag[y €Y + Ofe )]

aY dy aYau_qf

—1_[2toy ofou 2
=1 e[35/ ay + Ou azaij +0(<°)
=1-¢[Y, + Y u,] + O(%) (3.70a)
Similarly,
% = —G[Yt + Y,,ut] + 0(62) (370b)
at 2
Frie 1- G[Tg + T.,ug] + O(e*) (3.70¢)
%:—4n+nﬁ+ow) (3.70d)

If we recall that 2 = u + €U + O(€?),

8w 0Oudy Oudt

33 = 3753t 3157 (3.71)
Substituting Eq.(3.70) into Eq.(3.71), we get
du
37 =uy+e[Uy+ (Vs — ¥y)uy — Ty
= Yyu,? = Tuuyu] + O(€?) (3.72)
Similarly,
Uy = Uyy + e[ = Tuutytyt — Yyutyugu,y
—2Tuyuy — (8Y, + 2T )uyu; — Tyupu,
+( U = 2Yoy)uyuy — 2Ty usy
(Ve —2Yy — Tyy)te + (2Upn — Yyu)uy
+Uyy] + O(¢?) (3.73)
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T = u + e[— Youuy — Ty
+(Uu - Tt)Ug - Yth + Ut] + 0(62) (374)
substituting uy, = u;, and equating to zero the coefficients of
Uy Uty , Uy Ut, Uy Uy, Uty, Up Ut , Ug, Uy
and v and the remaining terms in the expression of

Uy — % =0

the determining equations can be obtained as follows:

Uy Ugy T.=0 (8.75a)
Uptly Y.=0 (3.75%)
Uy Uy Up =0 (3.75¢)

Therefore, solving Eq.(3.75a to d) we have

Uy, t,u) = fly, thu+ g(,9)
Y(y,tu) =Y(y1) (3.76)
T(y: t, u) = T(y: t)

The remainder of the determining equations are

uy ¢ Ty=0 or T=T() (3.77q)
w: 2Y,-T(¢)=0 (3.775)

ty ¢ Yy — Yy +2f, =0 (3.77¢)
t: fuu—fi=0 (3.77d)

W g9 =0 (3.77¢)

We will consider the subgroup for which ¢(y,t) = 0. Solving Eq.(3.77b) for
y, we have

y = 370

+ AY) (3.78)

where A(t) is arbitrary. Substituting Eq.(3.78) into Eq.(3.77c) and then
solving for f, we obtain

_ Ay

_ P
f=-L1"y- 15

+ B(1) (3.79)
where B(t) is arbitrary.
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Substituting Eq.(3.79) into Eq.(3.77d), we have

T”(t) 3/2 T”’(t) v A” (t)
T2 T8 T

Solving Eq.(3.80), we can obtain the infinitesimals U, Y and T as:

-B(H=0 (3.80)

Y =cg+2¢c1t+ csy + 4eayt

T =c+2c5t+ 4Cgt2
U= —[2c2t+ c3+ 19+ c29°u

¢1,€2,C3,¢€4,C5 and cg are six arbitrary parameters. All the parameters
excepting ¢z, individually represent transformations that can be obtained
by inspectional procedures. c4 represents translation invariance in y, cg
translation in ¢, ¢; represents invariance under a Galilean transformation,
and cg represents similitudinous invariance.

Similarity solution can now be derived by solving the invariant surface
equation,Eq.(3.69), as

du dy _ dt
Uy, ¢, v) - Y(y,t ) - T(y,tu)

Specific similarity solutions are condidered in the next section.

(¢) The Characteristic Function method (Na and Hansen)

The deductive group methods of Na and Hansen!”) and that of Bluman
and Cole'®) are both based upon the invocation of invariance of the par-
tial differential equations under an infinitesimal group of transformations.
While Bluman and Cole determine the infinitesimals directly by solving
the determining equations, Na and Hansen express the infinitesimals of the
group in terms of a single function, W, called the “characteristic function”.
The procedure for finding the infinitesimals then reduces to the determina-
tion of the characteristic function. The latter procedure is convenient and
more systematic, as will now be demonstrated by the analysis of the heat
equation.

Using the notation

_au _Bu _32u
= 3t ’ Pz-ay; i1 = EY?
3%y 8%y

= —— d =
p22 397 ané piz 38y
the heat equation can be written as:
pi—p2=0 (3.81)
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We now define an infinitesimal group of transformations as follows:
= t+ef(t,y,u) + Oe?)

§=y+en(t,y,u) + O(e?)
1= u+e(t,y,u) + O(€?) (3.82)
P = p1+emi(t,y,4,p1,p2) + O°)
2 = pz +ema(t,y,4,p1,p2) + O(e?)
P32 = P2z + €m22(L, ¥, %, p1, P2, P11, P12, P22) + O(€°)

where the transformation functions,é,n,¢,n 1,72 and 722, can be expressed
in terms of the characteristic function, W, as:

oW

T

_ ow
dp2

_BW L, W 0w
dy? dydu du?

a*w + po ?w )

dudpy ~TOudp

2w + pa W )

9vdp2 dudp2

+P1228—W1 + 2p12p22 W

dp:? 9p10p2

2w ow
2—-—- ——
+p22 Bpa + p22 5u (3.83)

+2p12(

+2paz (

2

The characteristic function, W, is a function of ¢, y,u,p; and ps.

Under the infinitesimal group of transformations, a partial differential
equation f=0 will be invariant if Uf=0, i.e.,

U(p1 — p22) =0 (3.84)
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or,writing the operation in its expanded form,

a0) 80 . .80 . 20)
5t Y73y YS9, TG,
() a() a()
+1r2-5p—+7r 3 A 212
a() _
+71’225;); =0 (3.85)

where the parenthesis represents the quantity p; — pao. Eq.(3.85) gives:
Ty — Mg =0 (3.86)
which, upon substitution from Eq.(3.83), becomes:
3 W aw a*w ?Zw

2
Bt P ay t dy? + Pzayau
N 232W+2 P*w +2 2w
P2 3 Plzayapl Plzpz—auapl
2w *Zw 202 W
+2p1 ——

34972 +P1P2m+?12 a—pl—z

?w Zw ow
2 2 — =0 3.87
+ }7121718?161,2 +n 5.2 +r 5u (3.87)

Eq.(3.87) is used to solve for the characteristic function,W(t,y,u,p1,p2).

Since W is not a function of py2, the coefficients of the terms involving
p12 and p;52 should be zero. By putting the coefficients of p122 to zero,
the characteristic function W is seen to be a linear function of p,ie.,

W= Wl(t:y;“;P2)+P1 WZ(tzy:u)p2) (388)

The coefficients of terms involving p;o then gives:

oW, W, W,
+

~ =0 3.89
3y P25 +n 3ps (3.89)

Since W is not a function of p;, the coefficients of p; in Eq.(3.89) must be
zero, which shows that W, is independent of po,i.e.,

W2 = W2(t1 u, !l)

The remaining two terms in Eq.(3.89) then lead to the conclusion that W,
is independent of both y and u and , as a result, the characteristic function
now takes the form

W= Wl(tz Y, “'JPZ) + WZ(t)
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Putting this form of W into Eq.(3.87) and noting that both W; and W;
are independent of p;, Eq.(3.87) can be separated into three equations,
corresponding to the coefficients of p,p] and p?. We then get

ow, oW 2w
0 1 1 1
o1 2
h 3 " ag T P2 50y
3w,
2 1 _
g =0
3w 2w PwW
1., _ 2 1 1 =
Pt at +23y3p2+1"3u3p2 0
32“/
2. 71 _
pi 39,7 0 (8.90a, b, c)

From Eq.(3.90c),
Wl = Wll(t) Y, u) + P2 W12(t) Y, u)

Putting this form of W, into Eq.(3.90b), we get:

dW, Wy = W, _
T, TR, =0 (3.91)

Both W, and W), are independent of po, the coefficient of p, in the third
term should be zero, which means W), is independent of u. Eq.(3.91) then

b :
ecomes ) W, . 23 Wi
dt dy

Since W is a function of ¢ only, Eq.(3.92) shows that W), depends linearly
on y, ie.,

0 (3.92)

Wiz = Wiz1(t) + Wizz(t)y
Eq.(3.92) then becomes

aw.
“Et—z +2Wyp0 =0 (3.93)

We will make use of this equation later. The characteristic function now
becomes:

W= Wul(ty,u) + [ Wiai(8) + Wiz (t)y]p2
+ Wa(t)py

Putting into Eq.(3.90a) the new form of W and setting to zero terms with
different powers of po, three equations are obtained:

Py T 5y =0 (3.94a)
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P2 dt dt P
92w,
2 11
o =0

Eq.(3.94c) shows that
Wi = Wi (t y) + Wia(t y)u
Eq.(3.94b) then gives:

dWlZl dW122 anlZ _
dt i Ve dy 0

Therefore, W12 can be written as:
Witz = Wiio1 (1) + Wiiaa(8)y + Wiros(8)y?
Eq.(3.95) becomes:

dW, dWw.
"—3:2—1 - T;”y'i'zwuzz +4yWii23 =0

Since all the W’s in Eq.(3.96) are independent of y, we get:

aw
—'% +2Wi22 =0

Putting Wj, into Eq.(3.94a), we get:

AWy  92Wyy, dWii9:
( 3t T oy )= ( i 2Wiizs)u
dw aw.
_ Wz Wz

dt dt

(3.94)

(3.94c)

(3.95)

(3.96)

(3.97a)

(3.97b)

(3.98)

Since Wi is a function of ¢ and y only and Wi, Wi120 and Wigos are
functions of ¢ only, the coefficients of %, u,yu, and y* u in Eq.(3.94b)

should all be zero, which then gives
Wihzz =c1 ;3 Wies =c2 5 Wigor = 2cat+cs
and

3 Wasin8? Wini
at dy?

=0
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From Eqgs.(3.97a) and (3.97b), we get:
W121 = 201t+ C4 ngg = 4Cgt+ Cs

Also,from Eq.(3.93),
W2 = 462t2 + 205t+ Co

The final form of the characteristic function is therefore
W(t) y,4,p1, PZ) = W111 (t) y)

+(2cot+ c3 + clyv+ c29?)u
+[2¢1t+ ¢4 + (deat+ c5)y)p2
+(4c2t2 + 2¢c5t+ co)p1
where Wij;(t,y) is any function satisfying the equation

dWii  8* Wi

=0
ot dy?

(3.100)

(3.101)

We now conclude that the heat equation will be invariant under an in-
finitesimal group of transformations, if the characteristic function, W,is of
the form, Eq.(3.101). Therefore, it should now be possible to reduce the

number of independent variables by one.

Similarity transformations can be obtained by solving the subsystem

dy du

at_dy _du
§E 1 ¢

¢,n and ¢ can be obtained from Eq.(3.83) and Eq.(3.101) as:

dt
dcot? + 2¢5t+ c6

- dy
2cit+ cq + (deat+ c5)y

du

- Wit y) — (2c2t+ c3 + c1y + c2y?)u

We will consider a few special cases:

CASE 1:
Wii(ty) =ci=co=cg=¢cc=0

(Linear Group of Transformations)
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Eq.(3.103) becomes

dt dy du
LU (3.104)
205t csY —C3U
The two independent solutions to Eq.(3.104) are
y u
—= = constant and — = constant
Vi tx
where a = —c3/(2cs). The similarity transformation can now be written
as
y "
= — and = — 3.105
1= 2 and flr) = 2 (3.109

The diffusion equation can be transformed into an ordinary differential
equation

1
1 =a 1ot (.00
These results are the same as those obtained by the Birkhoff-Morgan
approach, Eq.(3.26), and the separation of variables method, Eq.(3.9). The

deductive group approach systematically gives rise to a number of solutions,
some of which cannot be discovered by inspectional group procedures.

CASE 2:
Wii(ty) =ci=ca=cs=c5 =0

For this group, Eq.(3.103) becomes

dt dy  du
cs— 0 —cau

Following the same approach as in case 1, the similarity variables are found
to be

u
= and = —_—— 3.107
1=y ond flr) = oo (3.107)
where f = —c3/cc. The diffusion equation is transformed to:
fl-pr=o0 (3.108)

which is seen to be spiral group.

CASE 3:
Wuilty)=ci=cs=ca=cs=¢c=0

For this group, Eq.(3.103) becomes:

(3.109)
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Now,the first two terms give
== (3.110)

where k; is a constant. Next, substituting ¢ = k; y from Eq.(3.110) into the
second and third terms in Eq.(3.109), we get:

2
_Bhyty), _ de
4k1y2 U

which, upon integration, gives

uy1/2 en:p(-4—i-) = constant
1

Using k; from Eq.(3.110), it becomes:

2

uyl/2 ezp(%) = ky

The similarity variables and the diffusion equation are therefore:

and f(n) = uyl/zezp(f—) (3.111)

"= 4t

o |

n*f! —nf + %f =0 (3.112)

CASE 4:

1
Wi (t ) = ao + ar t+ '2'01112

cp=cp=cg=¢4=¢=0

It can be shown that this special form of W,;; satisfies Eq.(3.99). For
this group, Eq.(3.103) becomes

dt  dy _ du
2c5t csy  —ao— art— (1/2)a; y?
(3.113)
from which
v a1(2t+¢%)  ao
== = — - —n(t
'7 ‘\/—t ) f(n) u+ 405 2‘:5 n()
and the diffusion equation becomes:
r 1 do
-nf ——=0 3.114
f+ 20]’ 7o (3-114)
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More solutions to the heat equation are available in the works of Na
and Hansen” and Bluman and Cole®. As pointed out earlier in this section,
the underlying basis of the infinitesimal group method of Bluman-Cole and
the characteristic function method of Na-Hansen is the same. The latter
method expresses the infinitesimals or the transformation function in terms
of a single function, W, which is the characteristic function. Also,since the
finite group of transformations is generated by the infinitesimal group, we
will mainly utilize the characteristic function method of Na and Hansen to
find general similarity solutions wherever the deductive procedure is applied
to partial differential models in the remainder of the book.

3.3 Summary

The methods for obtaining similarity transformation were classified
into (a) direct methods and (b) group- theoretic methods. The direct
methods such as separation of variables and dimensional analysis do not
invoke group invariance. They are fairly straightforward and simple to ap-
ply. Group-theoretic methods on the other hand are mathematically more
elegant, and the important concept of invariance under a group of transfor-
mations is always invoked. Again,in some group-theoretic procedures such
as the Birkhoff-Morgan method and the Hellums-Churchill method the spe-
cific form of the group is assumed a priori. On the other hand,procedures
such as the finite group method of Moran-Gaggioli, and the infinitesimal
group methods of Bluman-Cole and Na-Hansen are deductive. In these
procedures, a general group of transformations is defined and similarity
solutions are systematically deduced.
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Chapter ¢

APPLICATION OF SIMILARITY ANALYSIS TO PROBLEMS
IN SCIENCE AND ENGINEERING

4.0 Introduction

Different methods for carrying out similarity analysis of partial differ-
ential equations were discussed in Chapter 3 with particular reference to
the linear heat equation. The methods were classified into (1) direct meth-
ods and (2) group-theoretic methods. In the direct methods, the concept
of group invariance is not explicitly invoked. They are straightforward and
simple to apply. Since the direct methods are based on assumed transfor-
mations, the resulting solutions are restrictive. The group-theoretic meth-
ods on the other hand are based upon the invocation of invariance under
groups of transformations of the partial differential equations and the auxil-
lary conditions. Group-theoretic methods such as Birkhoff-Morgan method
and the Hellums-Churchill procedure start out by assuming a specific form
of the group. Therefore, the resulting similarity solutions are restrictive.
The simplicity of these methods is on account of the fact that only alge-
braic equations (resulting from invocation of invariance) need to be solved.
On the other hand, deductive group procedures while being systematic and
more rigorous and tedious.

In this chapter, we will apply these methods of similarity analysis to a
variety of problems found in engineering science.

4.1 Laminar Two Dimensional Jet : Separation of Variables Method

The separation of variables method of Abbott and Kline! is applied
to the problem of a steady two-dimensional incompressible laminar flow of
fluid into an infinite region of the same fluid.

The equations of motion can be written as:

u5—+v5; =l/ay2 (4.1)
du OJv
E + é—y- =0 (4.2)

u and v are components of velocity in the z and y directions. v is the
kinematic viscosity.
The boundary conditions are:

y=0:v=0; g——:=0 (4.3a)
y=00 : u=0 (4.30)



The total momentum flux across a section of the jet at any given value of
z is constant.

00
2p / v?dy = constant (4.4)
0

p is the mass density of the fluid.
Introducing a stream function,y,such that

L

u= 3y V= (4.5)
Eq.(4.2) is satisfied identically and Eq.(4.1) becomes
Y 8%y Iy % %y
- - L =y—I (4.6)
8y 8z9y Iz Oy? ay®
If we assume a transformation as follows:
ay
z,y} =bg(z where ¢ = —— 4.7
¥(z,9) = b g(a) f(¢) S =10 (4.7)

where ¢ and b are constants; g(x) and y(z) are unknown functions, then
Eq.(4.6) can be transformed into

b i va
9 -7 9=19 (f,)2+ b ()

The boundary conditions in the transformed coordinates then become:

(4.8)

s=0 5 bf(0) =0
¢=0: ba2%j”(0) =0 (4.9)
¢—0 : ba%f'(oo) =0
For Eq.(4.8) to be reducible to an ordinary differential equation, we set
'yg' = constant = ¢,

A second relation between v and g can be found by using Eq.(4.4),
which can be written as

)
/ dy = ¢, (4.4a)
0

We have

=a—1—ﬁ-=abgj' and dy=1dg
dy v a
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Therefore, Eq.(4.4a) becomes

2 o0
el | )P =2
7 Jo

or
2

L = ¢3 = constant

Solving for g and v from the relationships
2

v¢' = ¢ and o c2,
9

we have
9(z) = [3cyca(z + 20)]*/° (4.10a)

1
v(z) = ;—[3clc3(z+ z0) /3 (4.108)
3
where 70 is a constant of integration.

It can now be seen that v/g in Eq.(4.8) is also a constant.
If ¢; and c3 are chosen as

1
cl=—\/;/z and C3=-3-,
Eq.(4.8) can be rewritten as
M+ ()P =0 (4.13)

with boundary conditions
f0=0; f(0)=0; f(e)=0
and the similarity variable

ky
¢= 3(z+ 20)%/°

where k is a constant. The solution to the above equations have been
reported in closed form?2.

4.2 Impact of Rods With Nonlinear Material Properties: Separation of
Variables Method

We now consider the problem of impact of thin long rods which exhibit
nonlinear;viscouspyandrelasticybehavior. The method of separation of vari-
ables is used to obtain the required similarity transformations for a system
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of partial differential equations®. The equations of motion for longitudinal
deformation of a uniaxial rod are

?9% = p% (4.12¢)
v= % (4.12b)
€= g—z (4.12¢)

.‘g_‘: - gz(%)« + () (4.12d)

where o is the normal stress along the axis of the rod; v is the component
of the velocity along the axis;e is the strain;z is the space coordinate and ¢
is the time. The material constants are ¢,n,u and A.

Eq.(4.12a) is the equilibrium equation,Eq.(4.12c) is the strain displace-
ment relation, and Eq.(4.12d) is the constitutive relationship. When A—oo
,the stress-strain behavior for the nonlinear elastic material is obtained.
If u—oo,however,the nonlinear viscous behavior would result. Materials
that exhibit the relationship as described in Eq.(4.12d) are called Maxwell
solids.

The stress, displacement and velocity is assumed to be as follows:

o(z 1) = S(HF(c)

u(z,1) = U(HG(s) (4.13)
v(z,t) = V() H(¢)
where the similarity variable is defined as
z

s C)

For nonlinear elastic materials, the governing differential equations are hy-
perbolic. For viscous materials, the equations are parabolic.
Substituting Eq.(4.13) into Eq.(4.12), we obtain the following:

Fl=6H—~cH (4.14a)
H=$G-¢G (4.14b)

H = Ij S(aFT - wFi1F)
+-1-;"’—wF" (4.14¢)
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where

vs' v
=g Py
vx! pXV!
1=yx 0T
1 X8, _w _ X8,
1+w U(p,) 14w V(A) (4.15)

Primes denote differentiation with respect to the argument.

If similarity solutions are to exist, then «, §,7,6 and w must repre-
sent constant quantities. That is, time must not explicitly appear in the
differential equations (4.14).

One set of solutions leading to problems of practical interest is given
by

S() = A* ; U()=B¥

V(i)=Df ; X(t)=o0f (4.16)

Substituting Eq.(4.16) into Eq.(4.12), the following relationships can be
obtained:

/—’%=1 i Y+é—a=1
B=D ; B-é=
C,A 1
) =1e 3 7 free=t
C, A, w
) =13e i ftan=0

(4.17)

The constants «,f,4 and § can be determined for the constitutive model
and the particular boundary conditions.

Two distinct types of boundary conditions are considered; the first is
the application of velocity impact

t

v(0,t) = vo(g)a (4.18q)
and the other is the application of stress impact
t
o(0,?) = 00(-{6)“ (4.18b)

where og, v and % are reference quantities.
For the Maxwell solid (A and g are finite), the solution for Eq.(4.17) is

1 1+g¢
= —_—— =1
* q—n’ﬂ +2(q—n)
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1-e 0, 14q
2g-n) " 2(¢-n)
For the elastic material, A—oo which implies that w—0. For an applied
velocity at the end of the elastic rod,

(4.19)

26
a-—_—{:—a ) ’7—1+(_—)5,

where § is defined in Eq.(4.18a).
For the applied stress problem, we express v and é in terms of a, as
follows: o o
=1+=(1-q ; b6==(1-
T=1+50-q 51—
For the applied velocity problem,
t
9(0,t) = D H(0) = vo(g)“ (4.20)

Therefore, .
D= ;"g and  H(0) =1

Using Eqgs.(4.13),(4.16),(4.17) and (4.20),the following expressions can
be obtained:

t <
olz,) = (puo®ut) /1 ()10 P (o) (4.21)

Starting with the relationship X(¢) = C#", C and ~ can be determined.
Then, the similarity variable ¢ can be written as

I
¢ = 3>

X(t)

where :
—_ (Byg/+q), » 1462

X(t)=(=)* —

(0=0) w"ho ()

with s=(1—¢)/(1+q).
Eqs.(4.14) uncouple and a single ordinary differential equation can be

obtained as !
_q_(Gl)(l"q)/q d = '725'26‘"
+y(y +1-28)¢ + B(B - 1)G (4.22)
At ¢ = 0,H(0) = 1, which according to Eq.(4.14b) transforms to G(0) =
1/(1+6).

At=the-wavefront;m¢requalsstorc,, the continuity of the rod must
be preserved. This implies zero displacement immediately ahead of the
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wavefront,i.e.,G(¢ ) = 0. A technique for determining the numerical value
of ¢, is discussed in chapter 8.

For a finite impulse and displacement at the origin, both « and § are
greater than -1. For a linear elastic material, q=1, ¢,, = 1.

6l¢) = (51— (4.23)

A similar procedure can be followed for the stress problem. Other solutions
to the impact problem are given in references (3) and (4).

4.3 Diffusion of Vorticity From a Line Vortex Immersed in a Quiescent
Fluid : Dimensional Method

The equation for the diffusion of a vorticity in a fluid is given by:

82w 168w Jw

(e e = m (4.24)

where w is the vorticity, r is the radius about the origin, v is the kinematic
viscosity and t is time. The circulation of flow,I'o, is assumed to be constant
as the radius of the circular cylinder of radius ,ro, rotating in the fluid

approaches zero.
r 2
I‘0=// wrdrdd (4.25)
0 Jo

The line vortex is assumed to be suddenly introduced into a fluid at rest.
At large times, the entire body of the fluid would rotate as a vortex with a
circumferential velocity

Y = — (4.26)

Eq.(4.25) can now be rewritten by letting 0 = w /Ty as follows:

r f2r
/ / Qrdrdd = 1 (4.27)
0 Jo

The vorticity of the fluid at rest is zero, and the vorticity at any point
(excluding the origin) would vanish at large times. The problem of interest
here is to determine the variation of vorticity and flow velocity at any time
t.

From Eqgs.(4.24) and (4.25) it is clear that

w = f(T, trFO;V)

or

1= F(r,tv) (4.28)
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The dimensional matrix for the relationship
Qo yogiy® = ML OTO

can be written as follows:

o) a a3 a |
9] I t v
M 0 0 0 0
L, -2 1 0 2
T 0 0 1 1

The number of variables is 4, and the rank of the dimensional matrix is
equal to 2. Therefore, the two Pi terms can be written as

r

M =— ; 7=t
Vvt
The similarity transformation can be expressed as:

1 = ¢(n2?)
(s, ) = —-[4()] (4.29)
where ¢= 2 /(vi).

The resulting ordinary differential equation can be obtained by substi-
tuting Eq.(4.29) into Eq.(4.24) using the relationship, w = ['©2, as

4" +4¢' + (6 +¢¢) =0 (4.30)

Integrating once, ,
K¢ +¢p=nc

Since ¢ and ¢' are finite for any given time, and therefore any ¢, then as
¢—0,¢; = 0. Integrating again,

$(¢) = coezp(—¢*/4) (4.31)
Using the boundary condition, Eq.(4.27),

1
 4n[l — exp(—r2/wi)]

€2
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When r—o0,c; = 1/(4r), therefore the required similarity solution is given
by

w(r,t) = 4£0Vte:cp(— r?/dvt) (4.32)

4.4 Laminar Boundary Layer Equation : Dimensional Method

Consider the problem of an incompressible boundary layer flow, on a
flat plate with a uniform free stream Up. The flow is governed by the
continuity equation

dv  Odv

— 4+ —=0 .33
az+6y (4:334)

and the momentum equation

dv  OJu 8%u
— — =y— .33
“az+”ay uay2 (4.33b)

The boundary conditions can be written as:
y=0:u=9v=0 ; y—oo : v=lj
We can assume the dimensional relationship as
v=1u(z,y,v,Up) ; v=19(zy,v,U) (4.34)

Traditional dimensional analysis in which no distinction is made between
the x and y directions of the length gives the following relationship :

u y Upz

—— = fil=,— 4.35
Uo fl( 2 v ) ( )
Eq.(4.35) is not a similarity transformation. However, assigning separate
dimensions to the z and y length directions, the dimensional matrix for the
relationship

g y“"l/a‘ U0a5 = MOL_-,:OL_UO TO

can be written as

a az a3 a4 a5
u X y v Uo
M 0 0 0 0 0
L, 1 1 0] 1
L, 0 0 1 2 0
T -1 (0] 0 -1 -1
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where the equal sign means “dimensionally equal to”. The rank and the
number of pi terms in the dimensional matrix are 3 and 2, respectively.
The Pi terms are

M= 3 T2y

b ﬂ 1/2
Uo (uz)

Therefore, the similarity transformation is

u U
T =f2[!/(;%)1/2]
Similarly,
o) = a[y(S2) 7] (4.36)
vl 9219\ 2 ’

4.5 Free Convection from a Vertical Needle:Hellums and Churchill Method

Consider a vertical solid axisymmetrical body of radius,R(z),whose
surface temperature or local heat flux may vary vertically as shown in
Fig.4.1. It is assumed in the formulation of this problem that the tempera-
ture increase is slight. Furthermore, the Prandtl’s boundary layer approx-
imation is made. The body is also assumed to be thin so that the square
of its slope [R’(z)2] is negligible. This last approximation facilitates a wide
class of self-similar solutions.

r
o

Fig.4.1 Free Convection From a Thin
Vertical Needle

The governing differential equations are®

[(R+ y)u], +[(R+ )], =0
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vy + vy = E—V-#-—_f;[(R +Y)uyl, + 98T {4.37)

o
uT, + vT_., = m[(R + y) T!l]y

where v is the kinematic viscosity, a is the thermal diffusivity, and £ is the
coefficient of thermal expansion. The boundary conditions at the surface
and at infinity are:

u(z,0) = v(z,0) =0

T(z,0) or — R(z)Ty(z,0) s prescribed
u(z,00) = T(z,00) =0 (4.38)
Introducing the Stokes stream function,y, such that
(R+y)e=9¢y, ; (R+y)v=-y,

The first of Eq.(4.37) is satisfied. The remaining two equations can be
written as

d\ ¢, _ 0 Yy
("/Waz ¢zay)R+y—Va—g;[(R+y)-a_y((R+y))]

+¢8(R+y)T
2] 2]
('ﬁy'a';"'l’z—a—y) aé-—((R—i-y)T) (4.39)
The boundary conditions can be written as:

(2,0) = $y(z,0) = hmoo%’i = T(z,00) =0
T(z,0) or — R(z) Ty(z,0) = Qz™ (4.40)

We now introduce the variables according to the affine transformation
as follows:

g=L (4.41)

The reference variables o, To, Ro,z0 and yo are determined such that a
minimum parametric description results.
Transforming Eq.(4. 39) by using Eq.(4.41), we get

- 0 - '¢y VI() 0 d ‘Kbg
($r3; Frile )[S(y)] o ay(s()ay(s(y))

980 Tozo %5 1 Ro _
+———————¢g [(y )R-l— y]T

_ oz Ro -
(¢V 9% "bi ) ¢0 [(E)R + !/] Tf'

The boundary conditions are transformed into:
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$(2,0) = 94(5,0) lim r'%= 7(z,00) =

T(5,0) = S(z")

The parametric form of the solution can be expressed as:

_ 2.y Ro vzo gBTomoys azo Q'
Pl B 2
vzo g8 Tozoyy ozo Qzy
T = Tog(—; —|—; == y 442
og(zo Yo I3/0 Yo ¥E ¢'0| To ) (4.42)
For minimum parametric description, we set
o _, . BTozys=1 vz _, K _,
T 3 Yo w

Recognizing that Pr=v/a is the Prandtl’s number, the similarity trans-
formation is obtained by suitably eliminating the reference variables:

¥(z,y) = vaf(c; Pr)

T(z,y) = Qz"g(¢; Pr)
where
y

§= (}%)1/41(1—"1)/4 (4.43)

Also,the following relationship holds for the variations of R{z):

R(z) = K(gi;a) e (4.44)

where K is a dimensionless parameter related to the Grashof number.

Substituting Eq.(4.43) into Eqs.(4.39) and (4.40), the following ordi-
nary differential equations can be obtained:

J Y ! )I_1+m(f')2

K+s 3 K+§+(K+§)9=0 (4.450)
(K +¢<)g")' + Pr{fg’ - mf'g) =0 (4.45)
with the transformed boundary conditions as:
') _
=/(0) = C__,m[ —==] =g(o0) =0 (4.460)
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9(0) or —Kg'(0)=1 (4.46b)

Analytical solutions for Eqs.(4.45) and (4.46) were discovered by Yih®
for the case when m=-1 and K=0 (with g(0)=1). For Pr=1, his solutions
can be written as:

L SR 1
f(g)‘gzﬂ/gg i als) (L5 2/ a0

and for Pr=2,

N PR S
f(s‘)—m ; g(s)—m

For the general problem, numerical integration may be used to obtain the
solution.

Since the Hellums-Churchill method utilizes an affine transformation,
the method could yield new and significant results even in the relatively
well-trodden fields of fluid mechanics and heat transfer. Solutions available
by this method remain hidden from the traditional dimensional procedures
(MLT system of dimensions). The familiar Falkner Skan family of solutions
of boundary layer equations is an example.

4.6 Deflection of a Semi-Infinite Wedge Shaped Plate : Birkhoff-Morgan
Method

The one parameter linear group of transformations is used in this ex-
ample to obtain the transverse deflection of a semi- infinite wedge-shaped
plate of constant thickness, which is clamped along one edge and is free at
the other, as shown in Fig.4.2.

Fig.4.2 Wedge Plate Bending
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The plate equation for small deflections can be expressed as:

8w 8tw 0w
Vig=— 42— — 4+~
Y=o +281:23y2 * Ayt

= q(zy) (4.47)

where w(z,y) is the deflection of the plate, D is the bending rigidity, and
g(z,y) is the transverse load per unit area.
We now define a one-parameter linear group G as follows:

w=APw ; z=A"z ; 1= A"t (4.48)

where A is the parameter; m,n and p are constants to be determined by
invoking invariance of Eq.(4.47) under G , such that

vig_ 139 _ oo, _ 9zY) _
o D e (4.49)
Therefore,
3w dtw
p—4m (- 7 p—2m—2n
AT (GE A (575,2)
—2n(0%wy _ g(z,9)
p—2n = ] .
a3 = 1 (4.50)
For invariance,
o1 and L=4
n m

It is also noted that ¢(z,y) = ¢(%,¥%) = go ( a uniform plate loading). The
absolute invariants are obtained by determining r and s such that:

=zt ; @3° = ws (4.51)
Therefore,
=—4

r= -

=3

=-1; s=-—

3

and the similarity transformation can be expressed as

Qe

w(z,y) = 2*f(s) where ¢ = (4.52)

Substitution of Eq.(4.52) into Eq.(4.47) gives the following ordinary differ-
ential equation:

EF et =wEE L st 2]
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d

-24§;§- +24f = D (4.53)
The general solution for Eq.(4.53) has been found as ”:
2_ 1 3 4 2 go¢?
f6) = Cic + Gos™ - 3) + Goc® + Gils* - %6%) + T (4.54)

For the clamped edge, the slope and deflection is zero, therefore, w=0
and w, = 0. In terms of similarity variables,

=f(0) =0 (4.55a, )

For the free edge at an angle of # to the z axis, the bending moment and
shear force are zero. Therefore, along ¢ = tan(f), the bending moment can
be expressed as

vV2w sin(B) + (1 - V)[ L cos?B + szn B

24
818y

and the vanishing shear force as

sm(Zﬂ)] (4.56¢)

3 3 ]
——V3y s —V? —(1 - p)—
3.7 v sinfl + w cosf — (1 V)as

9y
%w 1,0%w d%w
[ J;ay(:O.S(Zﬂ) -+ 5(3_317 - 5}‘2—)] =0 (4.56(1)

Using conditions f (0)=f' (0)=0, both O, and C, are found to be zero.
Therefore,

o) = G+ Culs* - %) + L (4.57)
If y/z=tan(B)=k (constant), then along ¢=k Eqs.(4.56c) and (4.56d) be-
come:
12(1 + vk®)f(k) — 6klvk + (2 - V)](%g—'{)(:k
+vk* +2(2 - v)k? + u](z—f)gk =0 (4.58a)
and
24k(1+ ik )f(k) + 6[3%% + (2 — u)(ﬂ)
1+ k2 dg 7 s=Fk
& &
6(1+k2)(a§£)¢_k +(1+k2)2(d§—£)g=k =0 (4.58b)
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Substituting f(¢) from Eq.(4.57) into Eqs.(4.58a) and (4.58b), we get two
simultaneous equations:

[8K® + 7k%(2 — v) + 3K2(1 — v) + 1]C; + 2k[k*(5 — 3v)

kP
H1+0)] G = — 54k + K (5 -v)

+2k(1 - v) + (1 - )]

and
6vk(kZ + 1) Cs + 2[K* (6 — v) + 2k*(1 + v) — V]G4

_ P2 4

= 4D12k (1-2v) —vk* -]

Therefore, constants C3 and C; can be obtained.
The deflection,w(x,y),can be written as

wzy) =A[GEP+a() -3al)+ F(0) (s

Other boundary conditions for the edges of the plate can be similarly con-
sidered.

4.7 Heated Jet: Birkhoff-Morgan Method?

A laminar jet of an incompressible fluid emerging from a narrow slot
or a circular hole and mixing with the surrounding fluid(see Fig.4.3), where
the physical properties are temperature dependent, have applications in
liquid metal injection and high temperature arcs.

uiwy

Fig.4.3 Heated Jet
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The two-dimensional laminar jet flow of the incompressible fluid in a
medium at rest with infinite plane boundary and at constant temperature
is considered. The dependence of viscosity and thermal conductivity on
temperature for constant pressure and steady flow is assumed to be

b= hof0) k= kod () (4.60)
The equation of motion can be written as

g% + g% =0 (4.61a)

p(ag% + v-g-;-) = %(u(ﬁ)%—) (4.61b)

PO+ 03 = ZEO% + (5 e

% and v are components of velocity in the % and y directions,p is mass
density,f is the temperature,u(f) is the viscosity and k(§) is the thermal
conductivity.

The boundary conditions are:

8n a8
73=0: 9= —=—=0 R
§=0:9% 57 " 3y (4.62a)
I=00:2=0=0 (4.62b)

The momentum flux across any cross-section perpendicular to the jet
axis will be assumed to be constant,i.e.,

0o
M, = Zp/ w2dy = constant (4.63)
0

Had there been no heat dissipation, the jet would have satisfied one more
physical requirement,i.e.,constancy of heat flux:

(oo}
Q= / pCp0udy = constant (4.64)
0

We will now nondimensionalize the equations and conditions by intro-
ducing the following quantities:

- Mo = a3 =a
- 29118 ’ z, ¥= y
T v pvo Gy Q
= = — A= D= 4.65
“ avy ¢ avy kb pa?vd (4.65)



where vo = po/p and G, is the specific heat at constant pressure.
We now introduce stream function,t, such that
A4 9y
u= 3y v=-o (4.66)
Therefore, Eq.(4.61a) is satisfied and Eqs.(4.61a),(4.61b),(4.63) and (4.64)
can be written as:

3y 8% 3y a8 8%
S0 9hy eI - é—y[f(e)gf] (4.67a)
dypas oyae 18 . 38

By8z  Bzdy ;a—y[(ﬁ( )5;]

+H0) (55 (4.67¢)

o0 Ay
/0 (é-;)zdy =1 (4.67¢)
/w(%)ﬁdy =0 (4.67d)

We will now invoke invariance of Eqs.(4.67) under a one-parameter
linear group of transformations:

X=A%z ; Y =A%y

V=AY ; ©=Ahy

aj,aq,f; and B2 will be determined by imposing conformal invariance on
the equations.

Since linear groups have been assumed at the outset, we stipulate that
f(6) =67 and ¢(6) = 6°
The conformal invariance relationships are:
a1 + 202 — 201 = 3az — B1 — P2

a1 +ag — 1 — P2 = 2az — P26 — f2
= —fav + 2(2a2 — B1)
a;—20;=0 ; pi+p2=0 (4.68)

Case (i):No Viscous Heat Dissipation
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Eq.(4.68) can be solved, and the invariance can be determined to give
the following similarity transformations:

X -1
b=z F() ; §=2 7 G(g)
where the similarity variable

y
$ = ZlE (4.69)

The transformed ordinary differential equations are

(F')’ + FF" = -3 +7)— (G’F”) (4.70a)
Fo+Fd =231 d(mc’) (4.708)
/0 w(F')ng =1 (4.70¢)
/0 °°(F’ G)d; (4.70d)
The other boundary conditions are:
¢=0:F=F"=¢=0 (4.710)
¢=0: Fl=@G=0 (4.718)

Case (ii) Viscous Dissipation Present
When viscous dissipation is present, we ignore Eq.(4.64) and solve

the remainder of the equations and boundary conditions. Invocation of
conformal invariance would lead to the following relationships:

aj—az—Fi+p27=0

ay—az=f1+p26=0
202 =281 + P2l —v+6)=0
ag— 28, =0 (4.72)
The similarity transformation for 827#0,v = § is given by
y=BnEE) ; 0=z 7 G(¢)
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£=—% (4.73)

za+27

The ordinary differential equations for this case can be written as:

(F'y’ + FF" = -3+ 27)(6" F")

o'~ &' = -2 [(@ &Y 44G7F"] (4.743)
© g
/ (F')d¢=1 (4.74¢)
0
with the boundary conditions:
¢=0: F=F'=¢=0 (4.754)
t=0: Fl=G=0 (4.758)

Consider the spiral group of transformations

I=z+aie ; §=e"2%

P=cm% ; §=¢Pr9

Conformal invariance of Egs.(4.67a),(4.67b) and (4.67c) would give rise to
the following relationships:

2a2 — 281 =3az — oy — B

az = B1— P2 =205 — B26 — B2
= —f27 + 2(2c2 — 1)
az =281 =0 ; B +P:=0

When there is no dissipation condition, similarity exists only for v =

6 = —3. Letting p = ap/a;, where p is some constant, and
pay pay
= — d _ e —_—
P 5 on B2 )

The similarity transformation can be written as:

n= e;:x ; .(p —_ ep:E/ZF(n) ; 6 = e—pz/ZG(n)

Itycanybe,verified thatysimilaritygsolutions do not exist under linear or
the spiral group for the dependence f= €' and ¢ = €.
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4.8 Unsteady One-Dimensional Gas Dynamics Equations: Characteristic
Function Method®

Consider the unsteady one-dimensional flow of ideal gas with constant
entropy. The basic equations can be written as

Jdu ou 2 Jda _

=t ——g— =0

3t Y5 T -1%:

da k-1 Ou da
E + —z—a-é-; + uéz =0 (476b)

This system of differential equations can be considered as two algebraic
equations with eight variables, namely, u,a,z,t, p;,p2, ¢ and ¢z, where

_3u_ _aa_ _au nd _aa
P1—az,P2—az,91—ata 42-at

Thus, Egs.(4.76) become:

Gi=q +up1 +

2
Pk che 0 (4.77a)

Ge=¢z +

ap; +upy =0 (4.77b)
We now define an infinitesimal group of transformations as follows:
z=z+ea(y,q,z1,t) + O(?)
= t+¢f(v,a,1,t) + O(?)
u+emy (v, a,1,1) + Oe?)

I~y
I

a l1+€ma(“; a,z, t) + 0(62)
p1=p +€P1(u: a,z, t;plsz; q1, q?) + 0(62)
(

P2 = P2 +6P2 u;a;z:t:Pth;'h:‘Iz) + 0(62)

(]'1 q1 + te(u: a,z, t: Pi,P2,4q1, ‘12) + 0(62)
=g + GQZ("': a,z, t;Pl;P2: q, q2) + 0(62)
(4.78)

The functions a,f,m;,mg, P1,P2,Q; and Q2 can be expressed in terms of
two characteristic functions W; and W, as follows:

AWy aW,

a =
dp dp2
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gz dq
m oW, aw; —w
1 3, n EP q 1
oW, AW,
= — —=q, - W
30z p2 + 7 92 2
ow, aw, oW,
h=gont3g.nt7g;
_aw oW, aw,
Q=703 2t 5
_9 W, aw, aw,
P, = du 3ap2+ oz
_ oW oW, oW,
Q= 72 2T 3. 21 5
(4.79)
The characteristics functions can be written as:
Wl(u;a;z; t;Pl;‘h) = W]l(ulalz) t)P1
+ Wiz(u, a,2,t)q1 + Wis(y,q,2,1) (4.80a)
and
Wg(u,a,z, t:P2:‘12) = WZl(u)alzzt)p2
+ Waz(u,a,2,t) g2 + Was(v,q,z,1) (4.800)

It can be seen that the characteristic functions are linear in p;,ps,q; and

92-
Substituting the characteristic function from Eqs.(4.80) into the first
four equations of Eq.(4.79), we get:

a=Wy=Wz ;5 B=Wia=Wo ; m=Wys ; m= Wos (4.81)

The characteristic functions can therefore be written in terms of «,8,m;
and m, as:

vVl(u: a,z,tpi1, q1) = a(u, q,z, t)pl + ,H(u: a, I, t)‘h

+my(y,a,z,1)

and
W2(u1 a,z,t,p2, 92) = a(u: e,z t)p2 + ﬂ(u; a,Z, t)¢12

+ma(v, q, 1, 1) (4.82b)

83



The characteristic functions in their new form are now substituted into
the last four expressions of Eq.(4.79), leading to:

da op om
+(5=p + a1~ —aa—l)qz

da
a_a ap aml)

i T 5T o
B 3B om

Q= (5;?2 + 3.7 'é—u‘)th
da 9B my

+(é—aP2 + ﬁfh - W)Qz

da 38  Imy
Har* 512~ 5

+(

(4.83)

Under the infinitesimal group of transformations, the system of differ-
ential equations, Eqgs.(4.77), are invariant if

UG, =0 (i=1,2) (4.84)
or, in expanded form, we have
aaG,- +ﬂ6G,- m 2G; +WaG,-
Oz at 18y “ da
9G; 8G;
+P,— + Q,— 4.85
I‘ap“ Q aqu ( )

where 1,u=1,2.
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Substituting G; from Egs.(4.77) into Eq.(4.85), making use of the ex-
pressions given by Eq.(4.83) and eliminating ¢; and g¢o, we get:

91p1 + g2P2 + g3p3 + gaps + g5 =0 (4.864)

and
gop1 + g7p2 + QsP'f + 99?3 +g10=0 (4.86b)

where ¢y,....,910 are functions of p;,p2,9; and g2 and are listed as follows:

_ 0a 2a Omp Oda L0
=M t 15w 5t Y3
08 | .08 k-1 dm
at " “ 8z 2 “da

208 + k—la_a_oi_ k—la B
Ju 2 da 2 da
2¢ 8a  2au 3f 4a®> 088
g4 = — — + -_— - 55
k—18a k-10a (k—-1)?3du

amy 2¢a dmy, 9Imy
3z k=101 | ot

gs =t

k—1 6m da Oa 208

a—— — — — ——

7 %% Y3z 3t Y3

20 Omy | 08 9P
=10 Y3 '

LS VRSN o W

2 du 'wau 2 da
99=02%+ 2 6_a_ 2 uglZ
da k—-10v k-1 du
k=1 0m om; Omy
G0 = e TS T ot

g7 =m +
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Since these functions are independent of the p’s and ¢’s, all the ¢’s must
be zero. Putting these ¢’s to zero, rearranging the terms and combining
the equations, we finally get:

6ﬁ da k-1 aﬂ

OB k=10 k-13a

au 2 u£+ 2 _6-;=0
omy _ Oms
du  da
2 amq_lc-laml_o
k-1 du 2 da
om; J8my 2a Imy _
*3: Tt Th=18z 0
dmy 2u Omy 2 9my _
"9z Tk-109z k=10t 0
da a da o]
mo- ot Eé—ua + (42 +a)ai 0
df Oa 8B
m’2'|'d(a a—)+2 5——-0

(4.87)

Any form of the functions a,f,m; and m; satisfying all eight equations
in Eq.(4.87) will be a group of transformations.

Consider the special case in which both m; and mo are linear with
respect to v and a. Thus, we write:

my = my; (¢, z)u+ myo(t, z)a + mys(t, 2)

mz = mpy (1, z)u+ mea(t, z)a + meos(t, z)
(4.88)

Substituting the above into the third and fourth equatlon of Eq.(4.87)
we get:
(k—1)?

M2 = My1 ;" M2y = 4 m2
The functions m; and my therefore becomes:
my = my; (t,7)u+ myo(t, z)a + mys(t, 2) (4.89q)
b ) e . (1, 2) s mas (4 9) (4.895)
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from which, the fifth and sixth equations of Eq.(4.87), we get:

3m13
oz

3m13 amn 2 Bmm k+1
5t | o1 5z g )t
(3m12 2 Omys

2 amn) 9
at k-1 0z

Jot 715

+ 3m11)

a =0

ETIRA

(4.90a)

Bmgg 6m13 amu k— lamlg
5 (G T )t (g

8m12
a2

(k+13mu)

k-1 0Oz oz 2 dsz

37"'23)
oz

k—lamm 2 _

0

(4.908)

Eqs.(4.90) are satisfied identically only if all the coefficients are zero. We

then get:

Omiz  Omgs _ Omy; _ Imyp

8t = 4t oz oz

Omyz | Omy

3z | ot

omy2 ( 2 )amZ3 -
ot k-1 0z

=0

= =0

(4.91a)
(4.91b)

(4.91¢)

Eq.(4.91a) shows that m;5 and mp; are functions of z only, and m;; and

myo are functions of t only. Let us put
my3 = Criz+ Ci2

mgs = Aoz + By
Substituting Eq.(4.92) into Eqs.(4.91b,c), we get
my; = —Cpt+ Ciy

2
-1

m12=—k Agt+ Gy

(4.920)

(4.920)

(4.93q)

(4.93b)

Substituting my;,my2,my3 and mp; into Eq.(4.88), we then get:

2
k-1

m = (—011t+ 014)u— (

(k- 1)2 2

k-1
4 (—k—l

2

m, = Agt+ Cz)u-i-(—
+(A02+ Bo)
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Cnt+ 014)0
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For the functions o and f, let us consider the case in which
ot z,u,8) = a2z + ayt+ ap(v, a) (4.95a)

B(t 2,1, a) = fzz+ Brt+ fo(u, q) (4.958)

Substitution of a and f from Eq.(4.95) into the first two equations of
Eq.(4.87) leads to

g - 2 = a2 =0 (4.960)

aﬂg k-1 aﬂo k—laao_
ag;‘—- ———2 u—a—a + ———2 .79—0- =0 (4966)
Next, o and f§ are substituted into the last two equations of Eq.(4.87) and

we get:

(Ciz — 1)+ Criz+ (Cra + p1 —az)u— Cyyt— o leat
—Cra+ Criz+ fa(v?+ d) =0 (4.97a)
By + Aoz — (-k—;-—!-Ao)ut-f- (k- 1° Cou— Ciita
+(Ciy + B1 —az)a+2B2au=0 (4.970)
For Eqgs.(4.97) to be satisfied identically, we get:
Cii=Ao=C=p=B=0
Cia—a; =0 (4.98)

Cia+pr—a2=0

Using Eq.(4.98), the final form of o, 8,m; and m; can be written as:
a = azz+ Cipt+ ap(y,a)
B = (az = Cis)t+ Bo(u, a)
m; = Ciyu+ Cp2

m; = Clya

which are identical to the group of transformations derived by Mueller and
Matschat 10,

4.9 Summary
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In this chapter, both direct as well as group-theoretic methods have
been applied to a variety of problems in engineering science. The direct
methods such as the separation of variables and dimensional analysis are
relatively simple to apply. The analysis, however, is restrictive because of
the assumed form of transformations. The group-theoretic methods such
as the Birkhoff-Morgan method and the Hellums- Churchill method utilize
the underlying idea of invariance of the equations under an assumed group
of transformations. Again, the resulting invariant solutions would be re-
strictive. Most boundary value problems of physical interest are invariant
under linear and spiral groups of transformations. The group invariants
for these groups can be readily obtained by solving a set of algebraic equa-
tions that arise as a result of invoking invariance of the partial differential
equations and auxiliary conditions. From an engineering standpoint, the
advantage of the Hellums-Churchill method is that the notion of “dimen-
sions” are implied in the procedure and the final representation obtained is
either self-similar or normalized. The deductive group procedures based on
a general infinitesimal group of transformations lead to invariant solutions
not obtainable by either Birkhoff-Morgan, Hellums-Churchill or any other
direct or inspectional group procedures.
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Chapter 5

SIMILARITY ANALYSIS OF BOUNDARY VALUE PROBLEMS
WITH FINITE BOUNDARIES

5.0 Introduction

It is commonly believed that similarity analysis of boundary value
problems in science and engineering is domain-and-boundary condition lim-
ited, in that semi-infinite or infinite domains are required. A review of liter-
ature on similarity would, indeed, reveal that similarity solutions are mostly
available for boundary value problems that lack a characteristic length in
one or more coordinate directions. In his book, Hansen ! points out that
problems with finite boundaries associated with finite, non-zero values do
not usually possess similarity solutions. Therefore, he suggests that a lack
of characteristic length in a coordinate direction could be used as a hint to
proceed with similarity analysis and seek possible solutions.

A great majority of similarity solutions in science and engineering have
been obtained by analysis based on dimensional or affine groups of trans-
formations. This is understandable since most partial differential equations
that represent physical problems are dimensionally homogeneous, and in-
variance of the equations under a dimensional group can be readily invoked.

A dimensional group of transformations can be expressed as

| Ti1

Z = a1 a) ...l gy (5.1)

(1=1,2,3,....,m)

The one-parameter linear group of transformations is a special case of
Eq.(5.1), and can be written as

= alyy (52)

(:=1,2,3,..,m)

For further clarification, we consider the motion of a fluid over a suddenly
accelerated infinite plate. The infinite plate is assumed to be immersed in
an incompressible fluid which is at rest. At time ¢ = 0, the plate is saddenly
set in motion in its own plane at a constant velocity,Uy. The equation of

motion is 22 5
u u
_—= 5.3
AT (5:3)
where u is the fluid velocity parallel to the plate motion, and v is the
kinematic viscosity. The initial and boundary conditions are:

w(y,0)=0 ; u(0,8)=1Uy ; u(oo,t)=0 (5.4a,b,¢)
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By invoking invariance of Egs.(5.3) and (5.4) under a dimensional
group of transformations, the similarity transformation can be written as

u(y,t) = Upd(¢) where ¢ = % (5.5)

In the transformed coordinate, Egs.(5.4) can be written as
$(c=0)=1; ¢(¢—o0)=0 (5.6a,b)

When y—oo, the similarity variable ¢—o0. So is the case when y is finite
and ¢t = 0. Therefore, the boundary conditions

u(y,0) = ufco0,t) =0

would be the necessary consolidation of the auxiliary conditions that would
lead to the requirement of semi-infinite domain in the direction of y. The
need for semi-infinite or infinite domain is, for many physical problems,
a direct consequence of invoking invariance under a dimensional or affine
group of transformations. The questions that need to be raised are:(1)
would it be possible to obtain similarity solutions for finite domain bound-
ary value problems by seeking invariance under either dimensional or affine
groups? (2) is it possible to obtain a broad classification of the type of
boundary value problems for which similarity solutions would exist for fi-
nite domains? In the remainder of this chapter we examine, by way of
examples, some instances for which similarity solutions in finite domains
can be obtained.

More specifically, we consider the following types of problems:

(1) boundary value problems with moving boundaries,

(ii) invariant boundary and surface descriptions,

(iii)invariance under groups other than dimensional and affine.

5.1 Boundary Value Problems With Moving Boundaries 2

Certain moving boundary problem descriptions become fixed when ex-
pressed in terms of similarity coordinates. The requirement for such prob-
lems is that the moving boundary should be invariant under the same group
of transformations as are the governing equations and the other auxiliary
conditions.

Consider the problem of freezing of a body of water of thickness D
which is initially held at a temperature, Ty(phase change temperature,
assumed to be zero degrees). Initially, the surface temperature drops to T,
and is subsequently held there. The surface z = D is effectively insulated
and the liquid temperature has a constant value,T; = O(see Figure 5.1).

The equation governing heat transfer in the frozen zone is given by

8T 18T

52 e g l0<e<X() (5.7)
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The boundary conditions are

70,y =T, ; Ti(X(t),)=0 (5.8a, b)
0 T,
s x=0
REGION | FROZEN ZONE
—_——— e e e x = X(t)
INTERFACE T4= 0
REGION II UNFROZEN ZONE
7 T 7 x=D
INSULATED BOUNDARY
2

Fig.5.1 One-Dimensional Freezing Problem

At the moving boundary, the heat balance equation can be expressed as

L.

e = (5.8¢)

where a; is the thermal diffusivity, K; is the thermal conductivity, p is the
density and L is the latent heat of fusion.

A similarity transformation can be sought using dimensional, or affine
groups, and can be written as:

z

2\/a1t

The boundary conditions in the transformed coordinate are given by:

Ti(z,t) = T.F(¢), where ¢ = (5.9)

F0)=0 ; F(B) =0 (5.10a, b)
where ¢ = f locates the moving boundary such that
X(t) = 28Vt (5.11)

The value of B can be determined by introducing Egs.(5.9) and (5.11) into
Eq.(5.8¢) to give the following relationship:

Cy T,
VT

B erf(B) + L=t =0 (5.12)
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c; is the specific heat of ice.

It can be seen that there is no requirement for semi-infinite domain,
since Eq.(5.11) represents an invariant boundary. The finite domain of va-
lidity for the similarity solution is 0 < z < X(t). This is an example where
invariance has been sought under a dimensional or affine group of transfor-
mations, and a similarity solution in a finite domain has been discovered.

Invariant solutions for the problem of heat conduction accompanying
a change of phase based on invariance under a general group of transfor-
mations have been derived by Bluman and Cole®. These are examples of
similarity solutions in finite domains that are obtained using groups other
than dimensional or affine.

5.2 Invariant Boundary and Surface Description

Whenever the boundary surfaces or geometries of ‘certain boundary
value problems are invariant under the same group of transformations as
are the governing equations, then similarity solutions in a finite domain
could be discovered.

The simplest example of a similarity solution in a finite domain is
the problem description with axisymmetry. Consider, the bending of an
axisymmetric circular plates for which transverse deflection,w,is given by

dtw 8w 0w g(z,y)

2 25252 T4 T D

(5.13)

where g¢(z,y) is the load per unit area, z and y are the Cartesian coordi-
nates, and D is the bending rigidity of the plate. The symmetry is obvious
and the coordinate transformation

P = (2 + ¢%) (5.14)
would transform Eq.(5.13) into a description in terms of r alone as follows:

4 3 2
M.{.EM.{.lM:M (5_15)
art  rdr® 12912 D
While transformations such as Eq.(5.14) convert a partial differential equa-
tion into an ordinary differential equation and are similarity transforma-
tions, they are seldom mentioned as such in similarity Literature.
Consider now the problem of torsion of a conical shaft with a circular
cross-section that is subject to terminal couples. The problem reduces to
the solution of the following equation:

9%F30F,  O°F

% " rar a2 =0 (5.16)
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where F(r,z) is a stress function such that

u OF
To2 = ;5(-37) (517)
and
u OF
™ =-=(3-) (5.18)

79 and 7,y are the shear stress components, and p is the Lame’s elastic
constant. The cylindrical system of coordinates (r,d,z) is used in the math-
ematical description (Figure 5.2).

The twisting moment, M, on any cross-section is given by

M=[ 19, (2 rdr)
0

agF
= 211';1/(; Edr (5.19)

or,

M = 2nu|F(z,e) — F(2,0)] (5.20)

-~

BOUNDARY SURFACE
DEFINED BY

;b = Tan (1’0) : 706

Fig.5.2 Torsion of Conical Shaft
The similarity transformation can be written as*

F(r,2) = C(¢), where ¢ = £ (5.21)

95



The resulting ordinary differential equation can be written as

2, 2 ® _
¢¢?+1) P + (2¢%-3) P =0 (5.22)
Integrating Eq.(5.22) twice,
1 1, 1 s
=A - - '
6(s) [\/gz—i 3‘@’ ]+8B (5.230)
or,
z 1 z

F(r,2) = Bo| )%] + 81 (5.23b)

(P+2)177 5((r2 + )17

where A, B,fo and f,. are integration constants.

The expression z/{r?+2%)/2 is a constant on the lateral surface of the
conical section, since it is equal to the cosine of one half of the vertical angle
of the conical shaft; hence, F(r,z) would assume a constant value on the
lateral surface.

The value of fy can be determined from Eq.(5.20) when the twisting
couple in the terminal section is specified. Therefore,

M

Bo = 5.24
0 27ru[cos(¢0) - %cos3(¢0) - %] (5.24)
where 2
cos(to) = (2 +22)1/2

The shear stresses 75, and 7y can be computed as

_ ___Hborz _

o _ B

Trg = (7‘2 T 22)5/2 (5.25b)

As another example of similarity solution in finite domain descriptions,
consider the classical problem of “spiral flows” of incompressible viscous
fluids®, as shown in Figure 5.3. The Navier-Stokes equations describing the
flow can be written as:

v, wdv, v

(v'6r+7—§i r)

QE+(§_2_vl+lav' .
dr ‘87 rdr 12
1 3211, 2 809

B e

(5.26a)
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O0v, v dy v,vg)

(gt T35 1
__lap 8%y 108w
=73t

Y 1,8%y 2 8o,

—5+5(5m) + 3(355)) (5.265)

AT

392 T 2\ 5

/ WALL d
m

Fig.5.3 Spiral Viscous Flow

a'l), V, 1309_
ar T T e 0 (5.26¢)

The non-dimensional variables in Eq.(5.26) are related to their physical
counterparts (7,v,,%,p) by the following relationships:

T Uy [
r=7 Re , v,=—U:0-, vu=7‘:\/Re
=P - Ll
p——pUg , where Re= ”

where 7 is the radial coordinate,?, and % are the velocity components in the
7 and § directions,p is the pressure, Re Reynolds number, p is the density,
L is the is the length, v is the kinematic viscosity and U is a reference

velocity.
We now introduce the stream function 3 as follows:
5} d
rvr - 5%— 5 'UH -_— '—'-a—if (5.27)
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Introducing Eq.(5.27) into Eqs.(5.26) and simplifying, we obtain:

[liﬂﬂ_l(?_ﬂ)z 19y 0%
2 00 68rd8 1 of r dr 800r
_10%ya _ O 113%
G =5+ e
1% 1 8% |
r29r38 12 962%0r

(5.28a)

199 9% 193¢ 3% 1a¢a;¢]

[____

30 9r2 T 7 9r869r 16 or
_ 0 g O 10
r 86 ot ror
+_1_?l/}_._i 9%y +1 %y ]
2 3r  r290%23r 12 862%0r
Eliminating p between Eq.(5.28), we get:

a[1a¢a2¢ _l(g_x/i)z
6.2 36 3r38 '\ 38
18y 3%y 1(a_g)2]

t T30 865r 7\ar

A dp % 0y 0% _ 199 99,
ar 94 a2 Or 8688r r 86 Or
A % 18 1 8% ]
80'rdr00  r23r86 1r2086%0r
3 8y 9% 18y 1 8%
R I oy P
2 9%y
* 7 5097
Invocation of invariance of Eq.(5.29) under a spiral group of transformations

(5.285)

(5.29)

0* =0+aia ; rf=re®2® ; P* = e (5.30)
leads to a; = 0,and the following similarity transformation:
r
n=—3 and $(0,7) = f(n) (5.31)

The resulting ordinary differential equation becomes:

anl(a? =a)f'f! — LY
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Ly

!
+afa + az)n[3£’;— +/M+ "

+@+ )M + (14 22 + 303)f"

!

+(1+ 22+ az);’-]' =0 (5.32a)

The boundary conditions are:
n=ne: fln)=c, fn)=0 (5.323)
n=na: fina)=4d , fna) =0 (5.32¢)

where
r r

'70=‘;a—:§ ’ fld=ead,,

The boundary descriptions

0

r=n.e* 0

and r=n4e*

are invariant under Eq.(5.30) and would represent the walls through which
the flow takes place. The similarity solution for the problem of spiral flow of
an incompressible viscous fluid can therefore be obtained in finite domains
by solving Eq.(5.32).

5.3 Invariance Under Groups Other Than Dimensional Groups

With the exception of physical problems involving a moving bound-
ary,the restrictions of similarity solutions to semi-infinite or infinite do-
mains can usually be attributed to the use of dimensional or affine groups
of transformations. It is then reasonable to expect that such restrictions
need not exist if invariance under groups other than dimensional or affine
is sought.

Consider again, the linear heat equation

3%y du

3z = FT] (5.33)
We now define a spiral group of transformations
t=1+h1a ; z=€"%2 ; u=¢"" (5.34)

For Eq.(5.33) to be invariant under the group defined above, f2=0. The
absolute invariants can be found by the Birkhoff-Morgan method as

¢=2; u= c_"th,,(g), where n® = —-Z—? (5.35)
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Eq.(5.35) corresponds to the classical separation of variables,u = X(z) T(t),
which can be used to obtain eigen-value solutions in finite domains.

Ezample 5.1: Consider a finite bar of length L with a heat source at z =
7o (0 < 2y < L). Each end of the bar is held at a temperature of zero.

The function Fy(¢) in Eq.(5.35) satisfies the ordinary differential equa-
tion

szn 2
—Ez—z‘+nFn—0 (5.36)
Therefore,
F.(z) = A, sin(nz) + B, cos(nz) (5.37)

Using the boundary condition (0,t) = O, we get B, = 0. The eigenvalues
are obtained by applying the condition u(L, ) = 0,giving

A, sin(nl) =0

Therefore,
nL=mr (m=123,...,c0)

The solution can now be written as

u(z, t) = Z up(z, ?)

n=1
_ — A sin(TTE m2r2t
_2_::1 m szn(—L—) ezp( - I (5.38)
If the initial condition is specified as
u(z,0) = 6(z — z9) , then Ap = %sin( m}izo).

The required temperature distribution for the finite bar is given by
00

2 . ,mmzy, . ,mMAI merlt
u(z,t) = S sin( ) sin(——) ezp( — —5— (5.39)
mz=:1 L L L L?

The same arguments can be used for the linear wave equation governing
transverse oscillations of a string, which can be written as:

20%w  9%w
==
022 or

where w is the transverse displacement and ¢ is a constant. Defining a
group of transformations

(5.40)

t=1t+ya ; =37 ; w= we"* (5.41)
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we find that Eq.(5.40) is invariant if y2 = 0.
The absolute invariants are given by

(=1 and w, = e—‘\thS(E), where A% = —::——3 (5.42)
1

If v3/71 is set equal to v, then the solution can be written as:

o0

w=Y e“rté,(z) (5.43)

=1

¢, (z) corresponds to the eigen functions and w, corresponds to the eigen
frequencies for a given finite domain boundary value problem. Methods for
finding these eigenvalues are discussed in text on vibrations®. Again, there
is no requirement for semi-infinite or infinite domains.

5.4 Summary

Traditional similarity solutions in science and engineering have been
mostly obtained by seeking invariance of the governing equations and aux-
iliary conditions under either a dimensional or an affine group of transfor-
mations. The requirement for semi- infinite or infinite domains has been a
consequence of a need for a consolidation of auxiliary conditions in order
that a similarity representation is possible for such group invariances.

By way of examples, it was shown that similarity solutions for finite
domain descriptions are possible for the following types of problems:

(1) boundary value problems with moving boundaries for which similarity
solutions can be obtained by seeking invariance under any group of
transformations including dimensional and affine,

(2) domains with invariant boundary or surface descriptions, and

(3) boundary value problems for which invariance is sought under groups
of transformations other than dimensional and affine.

It can be concluded that similarity solutions for finite domain boundary
value problems are possible if the governing equations and their associated
auxiliary conditions are invariant under an appropriate group of transfor-
mations. Semi-infinite and infinite domains are mainly a consequence of
invoking invariance under a dimensional or an affine group of transforma-
tions.
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Chapter 6

ON OBTAINING NON-SIMILAR SOLUTIONS
FROM SIMILAR SOLUTIONS

6.0 Introduction

We have seen in the earlier chapters, that a similarity representation is
obtainable for a boundary value problem provided the governing differen-
tial equations and the associated boundary conditions are invariant under
a group of transformations. However, if any of the equations and bound-
ary conditions is not invariant under a group, then the problem becomes
nonsimilar.

Attempts have been made in the past to generate solutions for non-
similar problems from known similarity solutions . These techniques have
mainly been applied to linear equations for which other well-known tech-
niques such as integral transforms are available. In this chapter, different
methods for obtaining non-similar solutions from similar solutions for linear
as well as nonlinear equations are examined.

6.1 Superposition of Similarity Solutions

When a given linear partial differential equation system is “almost”
invariant (some term in the equations and/or auxiliary conditions is not
invariant under a continuous group of transformations), new solutions to
the non-similar problem can be constructed by using a linear combination
of similarity solutions2.

Ezample 6.1: Stokes Second Problem

For the purpose of illustration of the method, we will consider the clas-
sical case of Stokes’ second problem in which a plate oscillates harmonically
parallel to itself at a velocity of Upcos(wt). The velocity of the fluid above
the plate can be found by solving the simplified Navier-Stokes equation:

3%y  du
= 6.1
Yoy T 3t (61)
subject to the boundary conditions:
u(0,t) = Upcos(wt) (6.2q)
u(o0,t) =0 (6.2b)
and the initial condition
#(y,0) =0 (6.2¢)
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Eqs.(6.1),(6.2b) and (6.2c) are invariant under a one-parameter linear trans-
formation group,Gy:

G, : u=0a’"u; Z=az; t=a%t (6.3)

where the constant o is the parameter of transformation. The boundary
condition,Eq.(6.2a), is not invariant under the above group. Therefore, a
similarity solution cannot be directly determined for the problem. Since
Eq.(6.1) is linear, the method of superposition can be applied.

The similarity variable can be written as

=gm ¢ B =5 (6.4)
The similarity representation is given by:
FI' 4 2F! —4nF, =0 (6.50)
and
Fo(c0) =0 (6.58)

Since Eq.(6.2a) is not invariant under group Gy, the principle of superpo-
sition can be utilized as follows:

ay, =Y - cat'Fulo) (6.6)

The boundary condition, Eq.(6.2a), can be written as

u(oi t) - _ (Wt) n/2
0 = cos(wt) = Zn—o " (-1) (6.5¢)
(n=0,2,4,...)
It follows that n
en = Up—{(-1)"/2 (6.60)

and
Fn(o) =1 (6.6b)

Therefore, the solution can be expressed as

u(z, t) Z (wt)" B2 (-1)™2F,(¢) (6.7a)

U n=0 n!




- rls) - “Lr0+

w (wt)*
2!

4!
where the functions F,(¢) are obtained by solving Eq.(6.5a),subject to the
boundary conditions

Fa¢)+ .. (6.7b)

Fo(0)=1 ; Fu(0)=0 (6.8)

Na and Hansen? have expressed the solution for Eq.(6.5a) subject to bound-
ary conditions,Eq.(6.8), in terms of Hermite functions as follows:

Fofg) < Bnli) () 1 [emplon)any

= = - 6.9a
V= B\ T TE ) (6:90)
where the Hermite function is defined as:
o (=1)"2n(2¢)3n %
Ham(%)=D H(an = 20 (6.95)
and oo 2 d
1= [ ezp(=n)dn (6.9¢)

0 Hgn(m)
In order to show the accuracy of the superposed similarity solutions,
we will now compare it with the exact solution:

___U(;’ t = e_\/z-;;‘cos(wt— V) (6.10)

0

It can be seen from figure 6.1 that good agreement is obtained.

40 SOLUTIONS BY EQN. 6.10
ARE SOLID LINE
30 SIMILARITY SOLUTIONS
L 3
b=z 05
20 o T o2T
3T
2
wt=1L
10 2
T 2T
00 , ,
-10 05 00 0.5 1.0

Fig. 6.1 Comparison of Two Solutions
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Ezample 6.2 One-dimensional Consolidation of Thawing Soils

As another illustration, consider the problem of consolidation of thaw-
ing soils. Permafrost soils provide adequate bearing capacity for supporting
most structures as long as soils remain in a frozen state. The thawing of
permafrost soils which contain large quantities of ice can cause severe engi-
neering problems. When frozen soils thaw, water is released and settlement
would occur as the water is expelled from the ground. If the rate of water
generation exceeds the discharge capacity of the soil, excess pore pressure
will develop resulting in a reduction of shear strength of the soil, and sub-
sequent failures of slopes and foundations.

A one-dimensional configuration (Figure 6.2) is considered for a step
increase in surface temperature in the semi-infinite homogeneous mass of
frozen ground. The movement of the thaw front is given by:

X(t) = oVt (6.11)

where a is a constant, ¢t is time and X(t) is the distance of the thaw
boundary from the surface. It is assumed that the soil is compressible in
the thawed zone.

G=0 :
GROUND SURFACE
’n
G X
X (1 THAWED GROUND X()
VI § Cv
ge MOVING BOUNDARY

FROZEN GROUND

Y '
Fig. 6.2 One-Dimensional Thaw Consolidation

The consolidation phenomena is described by the well- known Terza-
ghi’s equation of soil mechanics® and can be written as:

P _ou
‘32 " Bt

whereu-is-the-excess-pore-pressure;in the thawed soil, z is the depth
below surface, and c, is the coefficient of consolidation. Eq.(6.12) is valid

(6.12)
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for 0 < z < X(t) and for t> 0. Since the surface z =0 is considered free-
draining, the excess pore pressure

u(z=0,8)=0 t>0 (6.13a)

The water that is expelled at the moving boundary during thawing flows
outwards if an excess pore pressure is developed at z = X(t). For a saturated
soil in which the effective stress-strain law is linear and Darcy’s flow law is
valid, the moving boundary condition is given by:

du(X(t))  dX\ -,
Oz (712_)

o+ X(8) = u(X, 1) = c, (6.138)
where '7'=density of soil minus density of water, and po is the applied load
on the surface.

The initial condition is given by

u(z,t=0)=0 (6.13¢)

For X(t) = av/t, an examination of Eqs.(6.12) and (6.13b) would reveal
that a direct similarity transformation is not possible. A superposition of
similarity transformations, however, would result in a meaningful solution.
Therefore,

u(z,1) = c1fil¢) + c2Vihals) (6.14)

where the similarity variable is

|

)
S

and the constants are

ci=po and cx= '7'a

The similarity representation can be written as follows:

32f1 2 dfl _
*a—g—z—"}'ZR §-d~§——0 (6.15)
with
fi(0)=0 and 2R%*[fi(c=1)-1]= %il—) (6.164, b)
where R = a/(2,/c,) is the thaw-consolidation ratio.
Eqs.(6.15) and (6.16) can be solved to give
hl) = er/(Fs) (6.17)

~ erf(R) + exp(—R?)/(V7R)
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where erf( ) is an error function.
Similarly, f2(¢) can be obtained by solving the following:

&f, df
7,@'23 + 2Rzg;§3 —2R%, =0 (6.18)
B0 =0 and 2 =) -1 = EEZD oy
The solution for Eq.(6.18) can be written as:
£) = exnl~(B2/2)ler U, BevVE) + V(L BV (620

where U( ) and V() are parabolic cylinder functions. On applying the
boundary conditions,Eq.(6.19), and after carrying out some manipulations,
we get:

§
= e — 6.21
k() = TR (6-21)
The superposed solution can therefore be written as
u(z,t) = uy(z,8) + v2z, 1) (6.22)
where 1(Re)
_ PoerjLitg
u(zY) = Ry/merf(R) + ea:p(-—-Rz)\/;R
and

!
vz
)= ———
(%9 = 777/ 2F)
Eq.(6.22) describes the variation of excess pore pressure in a thawing soil.

6.2 The Use of Fundamental Solutions

We will now consider a partial differential equation of the form:
Lu(z,t;29,8) = 6(z— 20)6(t — to) (6.23)

where L is a self-adjoint differential operator, and (zo,4) are the poles?.
The notation u (z,t 7o, ) is introduced to emphasize the dependence of
the solution on the poles zo and {. Any solution of Eq.(6.23) is termed as a
“fundamental solution”. While the general fundamental solution contains
an arbitrary number of constants, the so-called Green’s function is obtained
once the boundary conditions are specified.

Ezample 6.3: Source Solution for Linear Heat Conduction
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Consider a one-dimensional heat conduction process in an infinite bar
with constant thermal properties. The bar is initially maintained at a
uniform temperature (see Fig.6.3). The governing equation for temperature
in the bar can be written as:

aT 8°T
pc-a—t-—k—6?2-= Q6(z—z0) 6(t— %) (6.24)

In the above description, the source of heat, Q,is located at a distance z
from the origin. k is the thermal conductivity,p is the density of the bar,
and c is the specific heat.

y

/So

-® o]

i
|
|
|
|
|
!
|
1
i
|
|
| %o 1
|
|
I
|
I
|
I
I
|
I

PLANE SOURCE OF HEAT

Fig. 6.3 Conduction With Heat Source

Making a change of variables Z = z — 75 and i = t — {j, the Green’s
Function for the heat conduction problem is the solution of:

(5 - 1 2)o0 = Lotap) (6.25)

(me0 <2< o0 ; 120)
A is the thermal conductivity,equal to k/(pc). The auxiliary conditions are:
T(zt=0) ; T(z—+oo;1) =0 (6.26)

In addition, the law of conservation of total heat, which can be written as:

pe /_ +: T(z,9dz= Q (6.260)

must be satisfied.
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Eqs.(6.25) and (6.26) are invariant under a group of transformations
T*=p7Y2T ; *=p"%z ; & =pi (6.27)

Using any of the techniques described in chapter 3, the similarity transfor-
mation can be written as

2= —2_
g(z: t) - pC\/XiF(A) (6‘28)

where

s, .
ol

B 2
It should be noted that 6(8t)= -(ﬂ—-)-
The similarity representation is given by

&F dF

7 B T =0 (6.29)
F(¢c—+o00) =0 (6.30q)
and
+00 1
. F)ds = 3 (6.305)

Eqs.(6.29) and (6.30) can be integrated to give the following expression for
Green’s function:

. _H(Y)
= 6.31
9(z, Y= p ¢ 2 \/——t ( 4/\t) ( )
where H(?) is the Heaviside function.
In terms of the original variables,
— )2

T (- 1)

t; 2o,
g(ﬂ:, Ioto) PCZ\/X—_(t—_

which is a well-known result that can be obtained by integral transforms.

Ezample 6.4: The Euler-Poisson-Darboux Equation

The equation for the problem of wave propagation in elastic rods of
variable cross-section® and isentropic flow for a polytropic gas® can be writ-
ten as:

A
L(u) = vz + Tl g = 0 (6.33a)
The fundamental solution to Eq.(6.33a) is the solution of
L(u) = 6(z— z0)6(t — 1) (6.33b)

110



We will use the infinitesimal approach of Blaman and Cole to find invariant
solutions to Eq.(6.33b) 7.
An infinitesimal group of transformation is defined as follows:

= u+ef(z,t,u) + O(?)

z= g+ eX(z,8) + O(¢?) (6.34)
t=t+eT(z,t) + O(e?)

f,X and T are the infinitesimals to be determined through invariance of
Eq.(6.33b), which can be written as

. A i .

Uzz — Yz + ;ut -§(z— 3'0)6(t- t)

A
=Yg — Uy + Tt 6(z— z0)6(t — %)
A
+e[2utz(Xt - Tz) + ut(Tgt - 2ft - Tu - ; Tz)

Fulfar = fut 20) + 0]~ 2X0) + w2, - )

A A A
+uz(2fr — Xz + Xue — ;X, - ;X+ ;f)
+H(Xz — T3)b6(z - 20)6(t — %)) (6.354)
with
X(20,%) = T(z0,%) =0 (6.35b)

Readers should note that
§(z) = 6(z) + eX(z,0)6' () + O(¢?)
Substituting the equation
A
e §(z— 20)6(t— %)

in Eq.(6.35), and equating to zero the resulting coefficients of derivatives
of u, the following determining equations can be obtained:

T.—X; =0 (6.36a)
A
Ttt - Tu - 2]’( - ; Tz =0 (6.366)
A
Joo = fut ~T. =0 (6.36¢)
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A
2 — Xoo + Xue + ;X, - %X =0 (6.36¢)

(20, t0) + Tt (20, t0) — Xz(20,%) =0 (6.36)
From Eqs.(6.36d) and (6.36f), we have

f(z0,%) =0 (6.37)

Substituting Eq.(6.36a) into Eq.(6.36b) and substituting Eq.(6.36d)
A
2f + =X = A(s) (6.38)

where A(x) is arbitrary.
Eqs.(6.36a) and (6.36d) give

Xu - th =0 (6.39)
Thus,solving for f in Eq.(6.36e), we find that A(x)=a=arbitrary constant.

However, on account of Eq.(6.35b) and Eq.(6.38), @ equals to zero. There-
fore,

X= —%\f f (6.40)
Next, we find that
Xy =gl P Hn
Xeo = X =25 4 52 = 22 =0 (6.41)
Comparing this with Eq.(6.36c)
=0 ; fu=0 (6.42)

Therefore, using Eq.(6.37), we get

f=8(t-1t) (6.43)
and using Eq.(6.40)
226
= -T(t— t) (6.44)
From Eqs.(6.36a) and (6.36d),
T= §[2tto - £ -]+ (6.45)
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Using Eq.(6.36b) and setting § equals to 1, we get:

2
f=t-% ; X=-Tz(t—to) (6.46a, b)
-2 — (t— ;)2
r- & )A (t= ) (6.46¢)
The similarity variable is given by
PRY
o) = () where s=2- CTRE LB o)
with u(z,%)=1.
The ordinary differential equation is
A A
g (¢% - 423) + 24" + s1-3)g=0 (6.48)
By letting
_ ¢+ 2z
- 41:0 !
Eq.(6.48) can be written in the hypergeometric form:
&g dg A A
1-¢)=—= +(1-2¢)=> - S(1-Z)g= :
The solution can be written as
A A
9(¢) = AOF(§;1 - _2‘) 1,; ¢) (6'50)

where Ag is some arbitrary constant.
Using the relations,

Fla,b5¢;2) = (1= 2)" ®F(a;¢c— b;¢; -z—j—l)

and
F(a,b;¢;2) = %(—z)_“ﬁ'(a,l —ct+al-b+az )
()T (a—b -
+(~2) bf%c—;I‘E%-T;F(b’l —c+bl—a+bz Y (6.51)
Thus we have
= B(:cgb)"‘”F(%, %,1, ﬁ;_l) with Bzo~/2 = 1 (6.52)
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In terms of the original variables

AA

(220)* ,
272

u(z,t) = [(z+ 20)2 — (t- )22

F(

1 (z— )% = (t— tO)z)
"(z+ 2)2 — (t— b)?

which is the required fundamental solution.

(6.53)

6.3 Pseudo-Similarity Transformations

For a boundary value problem to have a similarity solution, the govern-
ing differential equations and the auxiliary conditions should be invariant
under a group of transformations. However, if any of the auxiliary condi-
tions is not invariant under the group, then a non-similar description would
result. We will discuss a technique which utilizes the similarity variables to
obtain non-similar solutions for boundary value problems. The technique
makes use of what we will call the “pseudo-similarity transformation” to
obtain the required non-similar solution.

Ezample 6.5 Ground Water Movement due to Arbitrary Change in Water
Level®.

The equation for the flow of ground water which uses the Dupuit-
Forchheimer idealization® can be written as
3h dh

a
K—(hz=) = Va

oz az) (6.34)

where K is the permeability of the homogeneous and isotropic aquifer, V
is the void ratio, A is the height of the water table above the impermeable
surface and ¢t is time. It is assumed that all the flow takes place below
the water table and the aquifer rests upon an impermeable horizontal bed
(Figure 6.4). The auxiliary conditions for the problem can be written as

h(z,0) = hy ; h(z—o00;t) = hy and A(0,t) = H(t) (6.55a, b, c)
where H(t) is an arbitrary variation of water level at z=0.

We will non-dimensionalize the equations by introducing the following
variables:

where L is the characteristic length.
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Egs.(6.54) and (6.55) then become

(%

22

) =

(6.56)

ol @

e

and
h(z,0) =1 ; ke, =1 ; R(0,% = B(3 (6.57a, b, ¢)

It can be easily seen that Eq.(6.57c) would prevent invariance of the above
equations under a one-parameter group of transformations that would have
led to a similarity solution. Therefore, the problem description is non-
similar. The “pseudo-similarity transformation” can be obtained by ignor-
ing the source of non-similarity, which for the present problem is Eq.(6.57c).

X=0 GROUND SURFACE
% ZZ % 7

WATER TABLE

=

SNV TN, | [N TIN LI INT I DNTIN PN 7PN 7 /I /I

X dx

Fig. 6.4 Ground Water Flow

For the remaining problem description, the similarity transformation
would be:

¢ = —\/—2 5 f(6) = hz9 (6.58)

For the non-similar problem, the pseudo-similarity transformation can be
written as

r=tic= 2 fler) = bz (6.59)

o

In other words, the number of independent variables have not been reduced.
Eqs.(6.56) and (6.57) are now transformed to the following form:

R =, (6.60)

-_—7--5;
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subject to the boundary conditions:
f(0,7) = B(r) ; floo,7) = f(e0,0) =1 (6.61a, b, c)

where the primes in Eq.(6.60) represent differentiation with respect to ¢.
There are some advantages to using the above form, Eq.(6.60). The
primary advantage is that the starting process is very simple. At r=0 all
dependency on 7 is removed, leaving only an ordinary differential equation
to be solved. Often, this equation is a similarity representation for which
the solutions are known. For 7 greater than 0, non-similar solutions can be
obtained by applying “successive corrections” to the similarity solutions.
Eqs.(6.60) and (6.61) can now be solved numerically as follows: As a
first step, the derivative in the 7-direction is replaced by a finite difference

approximation
é[ - fn - fn—l
or Ar
The function f and its ¢ are replaced by averages in the following manner:

(6.62)

S + o) + 3600 + Uy + ()2

+%s‘(f;—1))] = Tn-I/Z(IL:A—f:'l—) (6.63)

where f, refers to f at time 7, and f,—; to time 7 — Ar.
Rewriting Eq.(6.63) after some rearrangement, we obtain

1
Ifd + ) + 5¢f0 = enmijafa = Ruy (6.64a)
where ) .
_ Tn—'l/Z _ Tn T Tp—3
Un—1j2 = =4 = T (6.64b)
and

R, = "an-x/zfn—-l - fn"lji'—1 - (fi—1)2 - %§(f:-—1) (6.64¢)

The right hand side of Eq.(6.64a), which is a recursion scheme, is known.
By letting n=0,1,2,.....,etc., in Eq.(6.64a),a sequence of equations for the

solution of fo,f1,/2,eeeer ,etc.,and their derivatives can be obtained.
The boundary conditions can correspondingly be written as
fo(r,0) = B(r) ; fa(r,00) =1 (6.65)

The solution of Eq.(6.60) subject to boundary conditions, Eq.(6.61), can
be obtained by the series

fr,5) = fol¢) +7hilc) + 72 Lalc) + oo (6.66)
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where the first term on the right-side represents the similar term and the
rest of the series show deviation from similarity. Alternatively, Eqs.(6.64)
and (6.65) can be solved by numerical methods such as quasilinearization 1°.

Consider the variations of f(r),

(a) Blr)=1+b sin(-:;g) <19 (6.67a)

=1+4+b T>T (6.67b)

(b) B(r) =1+ b sin(—2) r>0 (6.68)
T0 2

At 7=0, Eq.(6.60) becomes

1
0ols + () + 555 =0 (6.69)
An inspection of the initial conditions shows that the solution is
hOg)=1 5 fh=f=0

Setting n=1 in Eq.(6.64), the recursion scheme can be initiated. The nu-
merical solution is plotted in Figure 6.5.

067
041
1 case | . T— 00
i 0.2154
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I o.O__o Wz’o \io/d? 50 60
021 2
_04.

-06+

Fig. 6.5 Plot of f’(7,0) vs 7

Ezample 6.6 Natural Convection Over Non-isothermal Plate

The non-similar problem of natural convection boundary layer flow
overpaysemi-infinite flat plate (see Figure 6.6) is considered as a second
example to illustrate the use of the pseudo-similarity transformation.
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The governing differential equations for the solution of natural con-
vection flow past a semi-infinite vertical flat plate with an arbitrary wall
temperature, Ty, (x), can be written in a non-dimensional form as

9w dv
— - — = Ul N
72T 37 0 (continuity) (6.70a)
- _ 2.
ﬁg}_ﬁ + i)a—; = gg—u + Sy (z)0 (momentum) (6.70b)
00 din|S,(3)], 98 1 8%
u[az + HT] + va—g = Prag (energy) (6.70¢)
The boundary conditons are
§=0: 8=0, 9=1,(z); =1 (6.71a)
g—oo : 8=0,0=0 (6.718)

The dimensionless quantities in Eqs.(6.70) and (6.71) are related to their
corresponding physical variables through the following relationships:

,y:%\/Re,u=—"—,v=—”~,v=—v-\/Re

_ ul o _ Tu(z) - Too
Re= ” and S,(z) = T T
A X
T
Ty X
-y

Fig. 6.6 Schematic Sketch of the Plate

118



L and T, are reference length and temperature, respectively; z and y are
the coordinates parallel and perpendicular to the plate, respectively; Re is
the Reynolds number; § is the bulk modulus and subscripts r and oo refer
to the reference and mainstream conditions, respectively.

Next, the following pseudo-similarity transformation will be introduced
for the non-similar problem description:

_ y
- £1/4(8, (2]~ 1/4

fém) = :zmgf—(i)l—ﬁ (6.72)

g(&n) =6

where the stream function is defined by:

§=2;1

(6.73)

Eqs.(6.70) then transform into

/lll+(3+f(f))ffu_(1+:(§))(fl)2+g

= §(f'%-fé - f”g—g) (6.74a)

1 n 3+P(¢)

5.9t —‘—4———f9,- P()f'g

dg 98/
5 % a¢)

The boundary conditions are transformed to:

= ¢( (6.74b)

n=0: f(£0)=0; g(£,0) =1

df 3+ P =_ﬂ5_)
d€+[—4§ 7 : (6.75)

n—oo : f/(€,00)=0; g(¢,00)=0

where the temperature and the mass transfer functions are defined as

P(¢) = s,f( 9 {ds;,g(g)] (6.76a)
and
M(¢) = vL»[E;'S(-g—)]”‘ (6.765)
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The primes denote differentiation with respect to 5. Eqs.(6.74) are in a
general form. They are for laminar natural convection flows over a semi-
infinite plate with arbitrary wall temperature and surface mass transfer.
When P(£) and M(€) are constants,i.e.,

O €
g e oo nlgglt=f

the wall temperature and surface mass transfer distributions are given by:

Sul(€) = 1% 5 vu(§) = cpgle T/ (6.77)

The problem description now becomes similar and the right-hand sides of
Eq.(6.74) becomes zero, since for this case, both f and g are independent
of &.

Again, the solution can be obtained by expressing f and ¢ as follows:

f('l; &) = fo(ﬂ) + ﬁfl(ﬂ) + fzfg(f]) + s

g(n,€) = go(n) + Ea1(n) + 2 92(n) + .....
Alternately, Eqs.(6.74) and (6.75) can be solved by numerical procedures.

Ezample 6.7 Pseudoplastic Non-Newtonian Flow Near a Moving Plate 12

The Ostwald-de-Waele model for pseudoplastic non-Newtonian flow

can be written as
dv,

3v,,
sz = | av

3y
where 7, is the shear stress, v, is the velocity along the z axis at a distance

of y from the wall surface, m and n are constants of the pseudoplastic fluid.
The equation of motion for the system is given by

[*~1 (6.78)

dv, _ OTzy

6.79
at dy (6.79)

p

where p is the density of the fluid. Combining Eqs.(6.78) and (6.79), the
nonlinear partial differential equation for the velocity distribution can be

written as 5 6 8
Vg 9,
= 6.80
where
c=-—1 when av; <0

e
c=1 when v,>0
9y
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The boundary conditions for the problem are given by
vz(0,1) = vwé(t) ; vz(oo,t) =0 (6.81)
The initial condition is given by
v5(y,0) =0 (6.81¢)
The prescription of an arbitrary ¢(t) in Eq.(6.81c) would prevent invariance
of the problem as described in Eqs.(6.80) and (6.81), and therefore, the

solution would be non-similar.
We now introduce the non-dimensional variables

- Yz < pvz _ P
= 1= ()G v= (o)

The pseudo-similarity transformation can be written as

v = ¢(r)f(:¢) (6.82)
where g
T=-t; §= tl/(n+1)
Eqs.(6.80) and (6.81) become:
- d
" (o) + et - ) =75 (6:89
where i
P(r) = 5(3) (6.83)

and the boundary conditions are:
flo,r) =13 floo,7) =0 (6.84a, b)

When 7=0, the solution is similar. For 7 greater than zero, solutions
can be obtained as described earlier in this chapter.

6.4 Similarity Solutions as Asymptotic Limits of the Non-Similar Problem
Description

Similarity solutions resulting from invariance under dimensional and
affine groups of transformations are quite often of interest, because they are
limits-that-are-asymptotically-approached by solutions of the more general
problems that are non-similar. The closer the initial condition is to the
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“limiting solution”, the earlier will the non-similar problem approach the
similar regime.

The basic nature of the asymptotic behavior of a solution can be best
illustrated by using the example of linear heat conduction again, for which
the initial temperature distribution T'(z,0)=f (z) along the z axis and the
boundary description T(o,t)=h(t) is given. The problem statement is as
follows:

2
(- 2 )Tl = a(zt) (6.55)
(o< z <00; t>0)
T(z,0) = f(z) ; T(e,0) = h(#) (6.864, b)

h(t) is the temperature prescribed at the boundary surface,z=c.
Using similarity techniques, the Green’s function g(x,t|zo,%y) can be

determined. The general solution to the overall problem can be written

as‘:

t OO
T(z,1) = /0 /_wq(xo,to)g(z,tlzo, to)dzo dig

oo
+/ f(z0)g(z, t|z0, to) dzo
—00

—/Otdt()/ c_"gi%t_lf@i)h(to)dso (6.87)

We will further stipulate that h(t)=0. If
g(z,t) = 6(z— 20)6(1),
the Green’s function ¢(z,t|z0,0) can be written as [see Eq.(6.32)]

HY —eme/as (6.88)

g(z: t'%; 0) = \/4—7r—t

H(t) is the Heaviside function. Eq.(6.87) can therefore be written as
T(z,t) = ——/ f(zo)ezp( — -(——_E)—)dzo (6.89)

We will now consider the behavior of the temperature as t—oco. Expanding
the integrand, Eq.(6.89) in a power series:

_ H(Y) £ 213 T3
= Tl (f(zo)ezp( ot e

_ H(y —3 13 | 42°%%
\/Z;— f( )[(1+— 2(4t)2)

T(z,t
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B
0%
Simplifying Eq.(6.90), the following expression can be obtained

) dzo (6.90)

769 = 2L flader 5 [ softa)ia

%°—-1(% ,

+ / 2f(20)dzo + o] + o (6.91)
it J_oo

where ¢ = z/(2V/%) is the similarity variable.

Eq.(6.91) can be seen to be a sum of similarity terms in which the
powers of the inverse time increase by 1/2 with each successive term, and
the coefficients are expressed in terms of successive moments of the initial
temperature distribution. In the limit t—oo0, only the first term of Eq.(6.91)
remains. This corresponds to the concentrated source solution as expressed
by Eq.(6.88). The subsequent terms in the expansion characterize the dif-
ference between the actual and limiting solution.

Eq.(6.91) can be expressed in a different form as follows:

T(z,t) = Tim(1+ 3/)\(f_§t) + e ) (6.92)
where H(Y) -

Tiim = me ¢ {/_oof(zo)dzo]
and

fgooof(zo) dzO
The asymptotic validity appears to exist for invariance under dimen-

sional or affine groups of transformations. The resulting similarity solutions
are often referred to as “self-similar solutions” !4(see section 11.5).

¥(s)

6.5 Summary

When invariance of a set of partial differential equations under a group
of transformation cannot be invoked either partially or entirely, then a non-
similar representation exists. In this chapter, some methods for obtaining
non-similar solutions from similarity solutions that have been examined are:

(a) superposition of similarity solutions

(b) fundamental solutions

(c) pseudo-similarity solutions

Similarity solutions obtained by the invocation of invariance under an
affine-or;a-dimensional.group-have;been shown to be asymptotic limits of
the non-similar problem description.
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Chapter 7

MOVING BOUNDARY PROBLEMS GOVERNED BY
PARABOLIC EQUATIONS

7.0 Introduction

In order to carry out similarity analysis of moving boundary problems
governed by parabolic partial differential equations, it is necessary to ascer-
tain whether the speed of propagation of the moving boundary is infinite
or finite. This can usually be accomplished by carefully investigating the
physical formulation of the boundary value problem. For the purpose of
similarity analysis, such problems can be classified into (1) problems that
involve a change of phase, and (2) problems without a change of phase. It
will be seen that in boundary value problems with a change of phase, the
moving boundary would advance with a finite speed of propagation. How-
ever, the moving boundary could propagate with either infinite or finite
speed in problems where no phase change is involved.

The classification of a second order quasilinear partial differential equa-
tion will be briefly reviewed. Consider a boundary value problem that is
described by an equation with a dependent variable,u, and independent
variables, z and t, such that

Aun + Buzt + Cuu +D=0 (7.1)

where A, B, C and D are functions of z,¢,u,u, and u;. Eq.(7.1) is called
quasilinear because it is linear in the derivative of the highest order. The
notion of characteristics could be introduced as the loci of possible small
discontinuities. For Eq.{7.1}, two families of characteristics can be defined

as follows:
dt/1 24 e
dz B—-+B2-4AC
(71?)2 = 2 (7.2b)

Depending on the values of the functions A,B, C and D, the classifi-
cation criteria can be described as in the table below:

Eq. Type (B? - 4AQ) Char. Curves
Parabolic =0 1 real family
Hyperbolic >0 2 real families
Elliptic <0 2 imaginary
families
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Since A, B and C are, in general, variables which can take on different
values in different parts of the region, Eq.(7.1) may be hyperbolic in some
parts, parabolic or elliptic in others.

7.1 Problems With Phase Change

The moving boundary for boundary value problems that involve a
phase change propagate at a finite speed. The speed of propagation can
usually be determined by applying some form of conservation relationship
at the moving boundary. In this section, the well known problem of one-
dimensional freezing of a liquid is used for the purpose of illustration. The
exact solution to this classical problem is referred to as Neumann’s solution.

The problem considered is one in which a semi-infinite region is held
at an initial constant temperature,To. The temperature of the surface is
suddenly dropped to T,, and held constant thereafter(see Figure 7.1). It is
assumed that,initially,the medium is in a liquid state,To > Ty,where Tj is
the initial temperature and T, is the surface temperature.

x=0
=<, T, K

SOLID REGION

[
—______ _|_MOVING BOUNDARY
LIQUID REGION

" 0(2’ Tz‘ K2

Tx

Fig. 7.1 Phase Change Problem

The boundary value problem can be formulated as follows:

N 3T, 3T, N T, 8T (7.3)
1852~ 8t ’ "t a2 ot '
The boundary conditions are
T1(0, t) = Tp H Tz(oo, t) = T() (74)

a; and ap are the thermal diffusivities in the frozen and unfrozen zones.
Thesposition-of the freezing-interfacesis a function of time, and the temper-
ature at this location for the liquid as well as the solid is equal to the fusion
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temperature, Ty. At the moving boundary, the heat balance equation can
be expressed as follows:

oL, _ e

8T, _
Kl—é_z— Kg 9z —pLE (75(1)
and
Ty (X(4),8) = T2(X(9),9) = Ty (7.5b)

where K; and K, are the thermal conductivities in the frozen and unfrozen
zones,p is the mass density and L is the latent heat of fusion(mass basis).

The solution to this problem can be obtained by using the similarity
transformation

z
= 7.6
For the frozen region, the resulting ordinary differential equation is
& Tl dT,
—+ 2% ——=0 7.7

The solution for Eq.(7.7), using the condition T (0,t)=T, is

Ti(z,t) = T, + A erf(s1) (7.8)
Similarly, for the liguid region

Ta(z,1) = To — B erf(sz) (7.9)

where erf( ) is the error function.
Equality of temperature of the solid and the liquid at the interface
gives

X )=T; (7.10)

A erf( NS

2\/_—15) To— B erfc(

where erfc( )=1-erf( ).
Eq.(7.10) can only be satisfied if

= 7 = constant

X
2\/a1t

Therefore, X(t) = 21/a;twould describe the movement of the interface
provided « is known.

The constant,y, can be determined by using the heat balance equation
at the interface, which takes the form

Kl/sz/al/az(To Ty)ezp(—a;/a2)y?
(Ty = To)erfc(vV/a1/az)
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2
e T
e _hvr (7.11)
erf(v)  a(Ty - T.)
where ¢, is the specific heat of ice.
The original moving boundary description becomes a fixed boundary
description in the similarity coordinate. The rate of movement of the in-

terface varies with time, i.e.,

dX(t) _ e (7.12)

propagation speed = ——= =

dt Vi

For any time,t > 0, the speed of propagation of the interface is finite.

The term “change of phase” is used to describe not only freezing of
liquids, but also to include any physical situation where a moving boundary
divides a region under consideration into portions with distinct properties.
For example, the problem of impact of viscoplastic rod which has differ-
ent properties during loading and unloading, would give rise to a moving
boundary that separates the loading and unloading regions.

7.2 Problems Without Phase Change

Similarity analysis of parabolic partial differential equations that arise
from physical formulations that do not involve a change of phase, requires
careful consideration with regard to the location of the moving boundary
in the similarity coordinate. Two distinct possibilities should be considered
in such cases:

(1) existence of a sharp moving boundary which

propagates with a finite speed, and
(2) instantaneous propagation of the moving boundary.
For the purpose of illustration, consider the nonlinear heat equation of

the form 5 3T T
5. 8T 51— 57 = elz) (7.13)

where K(T) is the nonlinear property, T is the dependent variable and

Q(z,t) is the heat source. In the present discussion, we assume that

Qz,t) =0.
Eq.(7.13) arises in certain diverse physical situation in science and

engineering *:

(a) the transport of thermal energy by radiation in a completely ionized
gas. The coefficient K(T') is equal K, T", where n is equal to 6.5, and
in regions of multiply ionized gases n varies between 4.5 and 5.5;

(b) electron heat conduction in plasma, where the coefficient of electron
thermal diffusivity K(T) is equal to B T%/2,

(¢)rordinary nonlinear heat.conduction phenomena where the thermal con-
ductivity depends on temperature, and
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(d) the electric transmission in cables coated with resistive paints that
exhibit nonlinear characteristics. T in Eq.(7.13) is replaced by the
electric field variable E, and and K(E) = |E/r(E)]'/c. ¢ is the ca-
pacitance per unit length and r(E) is the resistance per unit length.
In certain high voltage applications, conducting cables are sheathed
in cylinders of capacitive materials with resistive paints which ex-
hibit nonlinear characteristics. An empirical formula can be written as
r(E) = ro(Eo/E)". The solution to this problem is one which describes
what occurs when a voltage is applied at the end of the transmission
line when t=0.

T
T—0, K(T)=0; %)T(- IS NON-ZERO
t
to
t3
O T U T
Xg| X§2 Xt3 X

Fig. 7.2 Propagation With a Sharp
Moving Boundary

For further discussions, the problem of transport of thermal energy
by radiation in a completely ionized gas will be considered. The radiation
phenomena comes into effect when temperatures of the order of tens and
hundreds of thousands of degrees are encountered. Since K(T) is equal to
Ko T™ in Eq.(7.18), as T—0, the heat flux ¢(z, t)=K(T)(8 T/8z)—0. This
implies that g¢(z,t) —0 for a nonvanishing gradient,d T'/8z. If we assume
that a one-dimensional region ahead of the heat source is initially at zero
degrees, then a sharp moving boundary can be expected since 3 T/8z need
not vanish at the moving boundary. With respect to Figure 7.2,X;;, X2
and X;3 are successive locations of the moving boundary with the passage
of time, for the case of non-vanishing gradient. In some cases,both K(T)
and 8 T/8z can be simultaneously zero at the moving boundary(see Figure
7.3).

Since K(T)=K, (constant) as T approaches zero, Eq.(7.13) becomes
linear. For gases, K equals to [,9/3, where [, is the molecular mean free
pathy.and. ¥.is the mean thermal speed: The heat flux ¢(z, ¢} will vanish only
when the gradient 8 T/dz approaches to zero. The decay of temperature
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with z will be asymptotic and the propagation of the thermal wave can be
considered to be instantaneous. The variation of temperature with distance
for different times is shown in Figure 7.4.

Ty .

. 1
T—0; KM= -2t0

t
2
i3
0 —x
Xf| Xf2  X¢3

Fig. 7.3 Propagation With Vanishing
Temperature Gradient

T—=0, K(T)= CONSTANT

Fig. 7.4 Instantaneous Thermal Propagation

If the heat source is given by

Qfz, t) = go6(2)6(1),

then we have

T(z,t) = fo ezp( —

Var Kt
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It 1s also seen that if
K(T)=K, + K, T"

then
as T—0 , K(T)—K,

In a situation such as this, the propagation would be instantaneous since
8 T/3z equals to zero for vanishing flux.

The existence of a sharp moving boundary can usually be determined
by studying the moving boundary condition, along with the overall physical
basis for the problem.

Ezample 7.1 : Thermal Waves from an Instantaneous Plane Source?

This example further clarifies foregoing discussions on aspects relating
to the propagation of sharp moving boundaries in problems that do not
involve a phase-change. The propagation of heat from an instantaneous
plane source in an initially cool infinite domain is considered. Heat prop-
agates in both directions off the plane z =0 where an energy E per unit
area of the surface is released.

The nonlinear heat conduction equation is

d 20T arT
The conservation of energy can be expressed as
00
/ T(z,t)dz= Q (7.16)
)

We use the Hellums-Churchill procedure to determine the similarity trans-
formation. Defining

we have

For minimum parametric description, we set
Tel = Moz =1

Therefore,
1 QZ/ (n+2)

2= (aQ")r+2tgmre ; To= (gl (7.17)
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The similarity transformation can be written as

T(z,t) = (%);%F(g), where ¢ = (7.18)

z
(aQnt)l/(n+2)

Eq.(7.15) can be transformed into the following ordinary differential
equation:

dipndfy P o
(n+2)§€—[F d§]+gd€+F 0 (7.19)

The boundary conditions are
F(00) =0 and F'(0) =0 (by virtue of symmetry)
Integrating Eq.(7.19) once,

dF  ¢F

P&t

(7.20)

Using the boundary condition f/ (0) = 0, the constant of integration
¢y = 0. Integrating Eq.(7.20), we get

F(¢) = [ca - 5(%;—27]

3=

(7.21)

We have to allow for the possibility of the existence of a sharp mov-
ing boundary, since K(T) = aT", and the heat flux vanishes with a non-
vanishing gradient as T—0. Therefore, the condition f{oo) = 0 is replaced
by f(¢o) = 0, where ¢, locates the moving boundary. Using this condition,
cz is equal to n¢Z/2(n+ 2). Therefore,the solution becomes

F(¢) =] (= ¢A)M"™ Jors <o (7.22)

2(n+2)

and
flg)=0 for¢> g (7.22b)

The value of ¢y can be determined from the conservation of energy

expression:
+¢o
[ Fres =1 (1.29

Y

Substituting Eq.(7.22) into Eq.(7.23) and simplifying,

_(n42)itniglee 4 I‘(l/2-{-1/n)];‘._';_3
s0= n™/2 I'(1/n)

(7.24)

where I'( ) is the Gamma function.
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The motion of the thermal front can be described by setting ¢ = ¢o,
such that

1
X(t) = ¢o(aQt)n+s (7.25)
When the exponent n is equal to zero, we have the linear heat equation.
Using Eq.(7.24),
g = —=—00
n
This confirms our earlier discussions in which it had been stated that, for

K(T) is a constant, instantaneous propagation would result. The solution
for the linear equation is

T(z,1) = —\Z_—E[F(g)]n—»o (7.260)
T(z,1) = \/afzme—z’/m (7.265)

Ezample 7.2 : Multidimensional Diffusion Equation®

Consider the m-dimensional equation with spherical symmetry for the

diffusion process
1 8¢ dey _dc
——[r D(c)ar] T

ym—1Jr
¢ is the concentration, and we assume that D(c)=c". The auxiliary condi-
tions for ¢> 0 are

(7.27)

c(0,)=t? ; ¢(r,0)=0 ; c(o0,8)=0 (7.28)

The similarity transformation can be derived by the Birkhoff-Morgan ap-
proach using the one-parameter group (G):

G:ce=A%c ; 7= A%r ; 1= A"t

For invariance,
as _ 2(az/a;) —1
(23} n

Therefore, we get:

c(r,t) =t'F(¢), and a= % (7.29)
In Eq.(7.29), . .
q=-—3, s==2 and as = f.
221 (25}
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Substituting Eq.(7.29) into Eq.(7.27), we get

) =g - g (7.30)
If s=1/(nm+2),Eq.(7.30) can be integrated into the following form:
k™ + m) =0 (7.31)

Integrating again, we have

o f* +of = Kyt (7.32)

where K; is a constant of integration. The transformed boundary conditions

' f0)=1 and floo) =0

Here again, the question of whether or not a sharp moving boundary (¢ =
¢o) would exist, can be resolved through the physics of the problem. Since
D(c) = c", the flux is ¢"c,. Assuming zero concentration ahead of the
moving boundary, the flux will vanish for either a non-zero or vanishing
gradient.

Eq.(7.32) can be simplified by substituting

G(e) = [f(e)]"*?

into the following form:

1 _ 1—m S‘GI/(""H)
n+ Z(d) = Kus (nm+2) (7.35)
The boundary conditions would be
GO)=1 ; Gleo)=1 (7.34

In order to evaluate Kl,G’(go) also should be specified. If G'(¢o) = 0, then
Eq.(7.33) can be integrated as

G() = [z(—nm(gg = ¢Z)](mr il (7.35)

Applying the condition G(0) = 1, we have

2(nm+2
%= [———-———-( . )]"2 (7.36)
The expression for ¢(r,t) can now be written as
ARy (2 - %)) (7.37)
’ 2(nm + 2)
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There is another important class of problems for which the equations
and the boundary conditions are invariant under a group of translations.
Such an invariance leads to “uniform propagation regimes” or “traveling
wave solutions” in which the moving boundary propagates with a finite
speed. As an example, consider the “power-law” diffusion equation*

%y  du
L] D 7.38
W3z =3 (7.38)
Eq.(7.38) is invariant under a group of translations
G: z=z+ea ; I=t+ef ; ui=u

where € is the parameter of transformation.
The similarity variable is given by the integrating of the subsystem

dz  dt du
T3 0 (7.39)
so that N
v=f(¢), where ¢ =z— At and A= 7 (7.40)

It must be determined what form f should take so that f(¢) is a solution
to Eq.(7.38). Upon substitution of Eq.(7.40) into Eq.(7.38), we find that f
must satisfy the differential equation

(M +x =0 (7.41)

where prime indicates differentiation with the similarity variable,¢.
Integrating Eq.(7.41) once,

(™) +rf=4 (7.42)

where A is a constant. Integrating Eq.(7.42) for n > 0, the following implicit
solution can be found*:

o T P

=0 n—-1-—3 A

s | >

(tA—z+8) (743)

where A is non-zero and B is another constant. If A = 0, the integration
generates the explicit form

AMn-1)

ulz,9) = | (\t—z+ B)]™=1 (7.44)

for n#1. However,when n is equal to 1,
u(z,t) = B ezp|—A(z— i) (7.45)
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It can therefore be seen that parabolic equations can have a sharp
traveling wave front.

More problems of the traveling wave type will be considered in chapter
8.

7.3 Summary

In this chapter, two types of physical problems were identified with
regard to similarity analysis of parabolic differential equations:

(a) problems involving a phase change, and

(b) problems without a phase change.

In problems in which there is a change of phase, the moving boundary
propagates at a finite speed. Similarity analysis is carried out for each of
the phases, and physical compatibility at the moving boundary is taken
into account,.

In problems without phase change, the propagation can be instanta-
neous for certain situations. In other situations, however, moving bound-
aries could exist that propagate with a finite propagation speed. The pro-
cess of determining the propagation speed, and whether or not a sharp
boundary would exist will depend on the physical nature of the problem.
The propagation of a traveling wave in uniform regimes can be discovered
by invoking invariance under a group of translations.
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Chapter 8

SIMILARITY ANALYSIS OF WAVE PROPAGATION PROBLEMS

8.0 General

A wave is any recognigable feature of disturbance that is transferred
from one part of the medium to another with a recognizable velocity of
propagation. There are two main classes of wave motion that can arise
in physical situations: (1) propagation of waves along the characteris-
tics of the governing hyperbolic partial differential equation, and (2) non-
characteristic wave propagation for which the wave does not move along the
characteristics. In this chapter, we will discuss different aspects of similarity
analysis and the role of group invariance, as they relate to wave-propagation
problems.

In chapter 7, the classification of a second order quasilinear partial
differential equation was reviewed. In the analysis of wave propagation
problems, the equations can also be expressed in the first order form:

Uy+MU,+N=0 (8.1)

where U and N are (n X 1) column vectors, and M is a (n X n) square
matrix. The eigen values A¢;£=1,...n of the equation, det(M-AI)=0, are real
and distinct for totally hyperbolic systems. The characteristics of Eq.(8.1)

are given by
dz ¢
ct (ﬁ)e = (8.2)

Consider, as an example, the linear wave equation

U = Y Uz =0 (8.3)
Based on the form as described in Eq.(7.1),

B? — 4AC = 44°

which is greater than zero. Therefore, the equation is hyperbolic. The
characteristics are given by the following:

dz VB2 —-4AC
(2= _¥Y= =~
A (dt)l o7 +7 (8.4a)
dz VB2 —4AC
2 (22 = Y- =7
A (dt)2 oA v (8.4b)

Alternatively, Eq.(8.3) can be rewritten in the first order form,Eq.(8.1), by
letting v, and u; equal to v and w, respectively. Then,

w, —y2v, = 0 (8.54)
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If the vector

then Eq.(8.3) can be written as

(2) (5 9) ()=

The characteristics are obtained by solving

det(M ~ M) = (:,;\z :i) =0 (8.6)

Therefore, the A\’s are given by
A(l) = +;7 ; ,\(2) = -5

which is the same result as Eq.(8.4).
For more information of equation classification, readers are referred to
references (1] and [2].

8.1 Propagation Along Characteristics

A great number of wave propagation problems are governed by the
quasilinear hyperbolic equation

¢(z: Ly, g, ut)uzz —u =0 (8.7)
The simplest model for wave propagation is expressible in the form
pt + m(p)ps =0 (8.8)

where m(p) is a given function of the dependent variable. The characteristic

is given by
dz
pri m(p)

and different values of p would propagate with different speeds, m(p). The
dependence of m on p produces a typical nonlinear distortion of the wave
as it propagates. When m/ is less than zero, higher values of p propagate
with slower speeds. However, when m! is greater than zero, higher values
of p propagate faster than the lower ones. As the distortion progresses,
the wave would ultimately break, resulting in the formation of a shock *,

* In the formation of Eq.(8.8), shock waves appear as discontinuities
in p. The derivation of Eq.(8.8) involves approximations which are
not strictly correct. For example, in gas dynamics, the corresponding
a{;;proximation relatesptontheyomission of viscous and heat conduction
effects.
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as shown in Fig.8.1. Generally speaking, shocks need not propagate along
the characteristics. The propagation along the characteristics occur for
0 < t< tg, where tp is the time for the breakdown of a wave. When m(p)
is a constant, then the wave is propagated at a constant speed without
change of shape along the lines of characteristics.

PROPAGATION ALONG THE CHARACTERISTICS  SHOCK WAVE PROPAGATION
t3=1g ta
th f2 |
0 [
L |
[}
z |
" .
8z | —=
=4 = |
ww
i )
@i
|
! |
|
|
0 X=Xg %

Fig.8.1 The Formation of Shock Waves

In this section, we will consider the analysis of the hyperbolic type
equations for 0 < t< tp. It has been shown that the invariance of the
governing equations for wave propagation problems under a group of trans-
formations leads not only to the similarity transformations, but also to the
equation’s characteristics®. This aspect of group invariance is utilized in
locating the moving boundary in terms of the similarity coordinate.

The characteristics for Eq.(8.7) can be written as

A= % =k(z,t, 4, Uz, %) (8.9)

We will now derive the similarity characteristic relationship which will es-
sentially give the additional condition at the wave front that would be
required to solve the similarity problem.

Case (1) : ¥ =9¢(z,t) or A =r(z,1)
Integrating along the characteristics, the position of the wave front can
be expressed as

Xi(4 = / k1 (2, ) dt + X (8.10)

where X((,n is a constant of integration. If ¢;=¢;(z,t) is the similarity
variable, then

¢i(z,t) = g(“l,' (8.11)
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would locate the wavefront. g{:,) can usually be determined from the equiv-
alence of Eq.(8.10) and (8.11), which is known as the ‘similarity character-
istic’ relationship. If

Y(z,t) = A¥ ™"

in Eq.(8.7), then

4z % mj2 )2
i A*g™ At (8.12)
Since X(0)=0,
2 -m 2 2+n
X = A* ~m {2 m .
()= (VA Fwé (8.9

The similarity variable for Eq.(8.7) with ¢ (z,t)=A*z™¢" can be writ-

ten as
z

¢1(z,1) = f2+n)/(2—m)

The distance to the wavefront X(t) can be obtained from Eq.(8.14),
by setting ¢; = gW Therefore,

(8.14)

( ) — S.(1)t(2+n)/(2 m) (8.15)

From the equivalence of Eqs.(8.13) and (8.15) the similarity characteristic
relationship can be obtained as

(B = (VAFET ™ (8.16)

2+n

gw is the similarity coordinate at the wavefront.

Case (2) : ¢ = ¥(z,t, 4,1z, %)
Therefore, the characteristics are given by
A= % = Ko(z, 8,4, Uz, ug) (8.17)
Integration of Eq.(8.17) is not possible since there is a dependence on

u,4,4;, which are unknowns. However, by introducing the similarity trans-
formation for Eq.(8.7) in conjunction with Eq.(8.17), i..,

u(z, t) = B(z, t) F(¢2),

Eq.(8.17) can be integrated as
X(4) = / BERFER), 7' (2)]dt+ X2 (8.18)
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where g{f,) is the similarity coordinate at the wavefront. X((,z) can be eval-
uated by setting X(0)=0.
Setting the similarity variable equal to g{f,),

¢2(3,8) = ¢\p) (8.19)
From the equivalence of Egs.(8.18) and (8.19), S'(v?/) can be determined.

Ezample 8.1: Nonlinear Wave Motion On a String

Consider the wave motion on a string with a gravitational force acting
on a string in the negative axial direction. The equation can be expressed
4
as

Up — TUgp — Uy =0 (8.20)

The similarity transformation can be written as
z
u(z,t) = t* f¢) where ¢ = z (8.21)

The characteristics are given by

— =%z (8.22)

Choosing the positive characteristic and integrating Eq.(8.22), with
z(0)=0:,

t 2
\/5-—§=0 ; or X(t)=%t‘ (8.23)
From Eq.(8.21), by setting ¢ = ¢, we get
X(t) = ¢ut (8.24)

Comparing Egs.(8.23) and (8.24), the similarity coordinate at the wavefront
is ¢p=1/4.

Ezample8.2 Rainfall Runoff in Sloping Areas

The physical problem considered here is one of a buildup of laminar
or turbulent flow over a sloping area®. Consider an impermeable surface
of length L, slope S (approximately equal to sin(f)) and of a unit width
perpendicular to the plane as shown in Fig.8.2. Taking A as the origin, the
two-dimensional flow will be examined. The continuity equation takes the

form 3 a
g —
3t 3 = (8.25)



where ¢ is the flow, k is the height of the water surface above the slope

surface, and v, is the velocity of rainfall.

CONSTANT RATE OF RAINFALL (Vo)

AN RR RN

Fig.8.2 Rainfall On a Sloping Area

The flow and depth are related by the equation

g=ah™

(8.26)

where a = ¢S/3v and m=3 for laminar flow;g is the acceleration due to

gravity and v is the kinematic viscosity. For turbulent flow,

a=C0VS ; m=§

and C is a constant.

Eqs.(8.25) and (8.26) constitute a kinematic wave problem, and can

be combined as

8h Ok
hm—l — 1 =
* FPRF TR
The boundary condition is
h(0,t) =0

At the moving boundary,
h(X(t))t) = hpar = ot

The similarity transformation is given by

T

h(z,t) = wtf(s) where ¢ =
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(8.29)



The ordinary differential equation obtained by substituting Eq.(8.29) into
Eq.(8.27) is

(- m)f + (-1 =0 (8.0
with boundary condition f(0)=0.

The moving boundary is obtained by setting ¢ = ¢y, and can be written
as .

X(t) = cwamol ™ (8.31)
The characteristic of Eq.(8.27) is
aX - -
== mah™ " = maluwtf(se)]™ " (8.32)

Integrating Eq.(8.32) and comparing with Eq.(8.31),we get

Suw = n_'z (8.33)

Therefore, the propagation of the moving boundary is described by
X(t) = ayy ™ tem
The solution to Eq.(8.30) can be written as

1ls) = (ms) Y/ (534

Ezample8.8: Impact of a Longitudinal Rod With a Nonlinear Stress Strain
Relationship ®

In this example, one-dimensional deformation due to impact of a long
thin rod with nonlinear stress strain relationship is considered. The govern-
ing equations for small deformations within the framework of the uniaxial
theory of thin rods are as follows:

do dv

5; = "',05; (8.35(1)

Jde dv

—_=—-— .35

ot Oz (8.35%)
c

e={—)? 8.35¢
(u) (8.35¢)

K,p, ¢ are material constants, z is the Lagrangian space coordinate,t is

time,c and e are normal compressive stress and nominal compressive strain

respectively, v is the particle velocity and u is the particle displacement.
du du

e=—— and v= —

az at
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The auxiliary conditions for the problem are:
du(0
v(0,t) = l;(?—t—,fl = v.f (ve>0; § s a parameter)
Combining Egs.(8.38), we have

B 0t a—qy 8y _ %
pq[( aa:) 322] T (8-36a)

The moving boundary is given by
u(D(¢),t) =0 (8.36b)
where z=D(t) locates the wavefront. The initial conditions are

u(z,0) = au((;o) =0 (8.36¢)

The similarity transformation can be written as

u(z,t) = v, T F(5) (8.37)
where
1
o= s b= (F Q)W
_(14+6)+g(1-94)
- 1+g¢

The similarity representation can be found to be

[(-—F’)Lv—i — 2 F" — m(m—26 — 1)¢F'

—5(5 + l)F =0 (8.38(1)
with )
F(O) = —1—:}?—5_ s F(gw) =0 (8386, c)

where ¢, is the value of the similarity variable at the wavefront. Setting
¢ = ¢y, the wavefront description can be written as

tm
D(t) = sup (8.394)
The characteristic is given by
G2 b Oy (8.39%)

dat Pq Oz
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Introducing Eq.(8.37) into Eq.(8.39), integrating and then comparing with
Eq.(8.39a),

[~ F!(g,)) 1~ 9/ 2
T 1+6(1-g)/(1+9)

Eq.(8.40) should be satisfied at the wavefront. The reader may also note
that the singularity of Eq.(8.38a) occurs when

Sw (8.40)

1=
(-F) " -m**=0

which leads to the coordinate of the propagating discontinuity as expressed
by Eq.(8.40).

Propagation of waves along the characteristics can occur in certain
traveling-wave problems. The similarity representation would be a result
of invariance of the governing equations and auxiliary conditions under a
group of transformations:

G: T=z+ex ; t=t+ef ; w=u
The traveling wave similarity solution can be written as

v=F(¢) ; ¢=z—At where A=% (8.41)
is the speed of propagation of the wave.

Ezample8.4: The Linear Wave Equation
The linear wave equation can be written as

20%u 8%
222

EFZARrT (8.42)

¢ is the velocity of propagation of the wave.
Eq.(8.42) is invariant under Eq.(8.41), and the similarity representa-
tion is
(2 =) F" =0 (8.43)

where A = *c are the speeds of propagation of traveling waves.

8.2 Non-Characteristic Propagation: Shock Waves

In section 8.1, the breakdown of a smooth wave propagating along the
characteristics into shocks had been discussed. Shock propagation is gen-
erallypa-non-characteristicutypegofspropagation. The breakdown of waves
into shocks can result from certain forms of constitutive relationships, or
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it can result from high impact or high energy release in a medium. In-
stead of using the similarity characteristic relationship, the so-called “jump
conditions” have to be satisfied at the shock front.

For the case of uniaxial rods for which the governing equations have
been described in section 8.1, Eqs.(8.35a) and (8.35b), the jump conditions
are obtained from the continuity of displacement and momentum as follows:

[v] = —cle] ; cp[v] =—]o] (8.44a,b)
where ¢ is the as yet unknown velocity of the shock front, and is equal to:

1lo]

ple]

These relations together with the constitutive equation are sufficient for
the study of shock propagation in thin rods. When the impact velocity is
high, then the variation of internal energy would be a factor. Egs.(8.44a)
and (8.44b) are called the Hugonoit conditions. The symbol | | denotes the
difference in the variable across the shock front.

For a compressible fluid, the velocity, pressure,density and tempera-
ture of the fluid are discontinuous across the shock. For an ideal gas, the
relationships for the variables across the shock are:

Continuity :  piu; = paup (8.454)
Momentum : pyui(u1—w)=p2—pm (8.45b)

2 2

v D1 Uy v D2 u
Energy : (——)—+—==(—)=+-= 8.45¢
o ('1—1)/31 2 (7—1)/02 2 ( )

where u is the velocity, p is the pressure, and p is density. Subscripts 1
refers to the values of the variables in front of the shock, and 2 behind the
shock(Fig.8.3).

— SHOCK FRONT
Y up
P Py
P L2

e

Fig. 8.3 Shock in a Compressible Media
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Ezample8.5 Formation of a Blast Wave by an Intense Explosion?©

When a finite amount of energy is suddenly released in an infinitely
concentrated form,the resulting motion in the air medium can be deter-
mined by similarity analysis. If the disturbance is strong enough, the ini-
tial pressure and sound speed of ambient air are negligible compared to the
pressures and velocities produced in the disturbed flow.

The equations describing the blast wave phenomena are:

pe + upr + plur + ﬂ'—r‘) =0 (8.46a)
1

4y + uu, + ;p, =0 (8.46b)

pe + upy — *(ps + up,) =0 (8.46¢)

p is the density,p is the pressure, u is the radial velocity,r is the radius, ¢
is the time, and a is the speed of sound defined as

P
P

a=

When £ equals to I the motion is cylindrical, and when f§ equals to 2 the
motion is spherical. The total energy, E, which is conserved, can be written
for f =2 as:
Re) p 1 5 2
E=L (‘7—_—1 + Epu )41!‘7‘ dr (8.47)
At the shock front, instead of the similarity characteristic relationship
the jump conditions are utilized as follows:

2U
u(R,t) = oy (8.48a)
1
p(R, 1) = (3 i- l)pg (8.48b)
_ 2p0 U2
p(R,t) = Py (8.48¢)

where U is the shock velocity,po is the ambient gas density and 7 is the
polytropic exponent.

The similarity transformation can be obtained as 2¢

u(r,t) = “7’ Vi) (8.49¢)

p(rt) = ro Q(c) (8.49b)
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p(nt)= azpo—’;P(g) (8.49¢)

where
r

" (cye

§

We can determine C such that R(t)=(Ct)* is the moving boundary.
Letting

the similarity representation can now be written as:

(V=17 - v = g+ - Ly

V(- -2,

!
_1\2 _ 2&_ _(1‘0‘) 1 2
v -y - -
v—-1 1 v—1 1
—)V(V - =)= (— -1)—-(V-1{V--=
HI v - - (EHE+ vy -1 - (v-9(v - 1),
1-a,, A?
V—12—A2§g=2 +1)V -
(V=17 - L =26 + 1)V - (N
—V(V—%)—-(ﬂ+1)V(V—-1). (8.50a, b, c)
The velocity of the shock is
= _oR _2R
dt t 5t
The transformed conditions at the shock front are
2 7+1 2
V(i) = — ; = — = — 8.51

The constant C can be obtained from the energy integral, Eq.(8.47). For
v = 1.4, f=2, the description of the motion for the shock front is

S(t) = 1.025(2)1/58/5 (8.52)

Po

We. will now examine.the.characteristics for Eq.(8.46) and relate it to the
path of the shock front.
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The characteristics in the r — ¢ plane is given by

dr
—_— =yt .
o = uEe (8.53)

Since u and a are given by
u=V() and o= =IA),

we get

dr ar
= = 71V {0)=4(5)] (8.54)

where ¢ is the similarity variable at the characteristics. Eq.(8.54) can be

integrated as
R(f) = Rot |V s0)E4ls0)] (8.55)

where R is a constant.
In terms of the similarity variable,¢ = ¢ would describe characteristic
propagation such that
R(t)=¢C* ¢ (8.56)

Comparing Egs.(8.55) and (8.56),

So = % and V(ao):tA(go) =1

In general, o is not equal to 2/5, and ¢, is different from one. Therefore,
the shock path and characteristics do not coincide in general (Fig.8.4).

Fig.8.4 Plot for the Explosion Problem
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The limiting characteristics appears in the region ahead of the shock.
It represents the edge of the fold in the (r,¢) plane in the multivalued
solution which is replaced by the shock.

8.3 Non-characteristics Propagation: Uniform Propagation Regime

In the previous section, similarity analysis of problems involving prop-
agation of shocks was discussed. It was seen that the moving boundary
does not, in general, propagate along the equation’s characteristics. In-
stead of the “similarity characteristic “relationship, the "jump conditions”
are required to locate the moving boundary.

The propagation of “traveling waves” is another possible situation,
where the moving boundary need not propagate along the characteristics,
especially if the equations are nonlinear. As discussed in section 5.3, trav-
eling wave solutions can be obtained by invoking invariance under a group
of translations

G: z=z+ea ; t=t+ef ; u=1u

Invariant solutions can be obtained by solving the subsystem corresponding
to Gie.,

& _dt_ds
e f 0’
and can be written as:
u=F(¢) ; ¢=z-At (8.57)

where the assumed velocity of propagation A equals to /8.

The class of solutions,Eq.(8.57), represent waves of permanent profile
that propagate at a constant speed and unchanging shape. The reduced or-
dinary differential equation obtained on substituting Eq.(8.57) into a given
hyperbolic equation, will then represent possible modes of steady propaga-
tion.

Ezample8.6: Klein-Gordon Equation

A mechanical transmission line treated by Scott” is modeled by the
following equation:

b2z — b1 = G(¢) (8.58a)

Eq.(8.58) is known as the Klein-Gordon equation.

Scott describes his construction of a mechanical model with rigid pen-
dula attached at close intervals along a stretched wire. Torsional waves
propagating,down;the wire;obey,the;wave equation, and the pendula supply
a restoring force proportional to sin ¢, where ¢ is the angular displacement.
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Therefore, G(¢)=sin ¢, and Eq.(8.58) which is called the Sine-Gordon equa-
tion can be written as:

oz — P = sin ¢ (8.58b)

Since Eq.(8.58b) is invariant under a group of translations
G:i=z4+ea ; t=t+f ; Pp=¢p
Eq.(8.57) is the required traveling wave similarity solution. Therefore,
¢=¢(c) andg =z - At
Eq.(8.58b) then becomes
(1-2%)¢" = 6(¢) (8.59)

Two distinct pulse solutions are obtained ®namely,

#(¢)=4Tan ezp[:tm] for A<1 (8.60a)
and ¢
- -1
#(¢) =4Tan ezp[:i:\//\_z___._l.]-i-w for A>1 (8.60b)

In the first case, the constant of integration is set equal to +1, and in
the second case, -1. If the integration constant (co) is not equal to 1,4
can be written as an implicit function of the similarity variable,, given by

viez [’

(8.61)

d¢ -
Vv 2(co — cos ¢) =¢

For the case ¢p > 1,A < 1,4 is a monotonically increasing function of ¢:

¢(§) = Cos™ ! [chz(m) - 1] (862)

where cd x=(cn x)/(dn x) is an elliptic function of modulus v = 2(¢co + 1).
For the second case of interest for which —1 < ¢p < 1 and A > 1, ¢(¢)
is a periodic function of ¢.

$(s) = 2 sin™ [y sn( /\,f_ 1)] (8.63)

where sn is an elliptic function of modulus 2v2 = 1 — ¢,.

Ezample8.7 Korteweg-de Vries Equation
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In connection with the study of water waves of permanent profile, the
Korteweg-de Vries equation arises in the form 2

39
N + Co( + EE)T]; + Wzee =0 (864)

where 7 is the water surface position, ko locates the bottom,and ¢y and 4
are defined by

1
co=1vgho and 4= 500"5

Again, Eq.(8.64) is invariant under a group of translations:
G: T=z+4+ea ; t=t+ef ; =1
so that a traveling-wave similarity solution can be written as:
n=hop(c) ; s=2-Ut

Therefore, the similarity representation is given by

1 ! 3 U !
i + Zpp' - (= - 1)¢' =0 (8.65)
6 2 Co

This can be integrated to

1 3 U
R+ 207 = (= -1)p+ A=0
6 4 co

After multiplying by go', further integration gives
1 U
ghg(so')2+-go3~2(;-—1)302+4Ggo+B=0 (8.66)
0

where A and B are constants of integration.
In the special situation when © and its derivatives become zero as

¢—oo0 : A=B=0

Therefore, Eq.(8.66) may be rewritten as

1.,,d U o
ghﬁ(f)z = p*(a—p) where o= 1+ 7 (8.67)
Ityis,clearjpatyleastyqualitatively;pthat ¢ increases from ¢ =0 at ¢ = oo
and rises to a maximum at ¢ = @. It then drops to ¢ = 0 at ¢ = —o0.
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This is a “solitary wave”, the velocity of which depends on the amplitude
according to the relationship

1n
U= co(l + E_h;) where o = hoa

The solution of Eq.(8.67) is (see Fig.8.5):
2 3
o(¢) = a sech?] W —¢] (8.684)
or in terms of the original variables,

n(z, 1) = noSech?| —(z- U] (8.68b)

4h3

0 — 4§
Fig. 8.5 Solitary Wave
Ezample8.8: Elasto-plastic Wave Propagation in a Rod

For a constitutive relationship described by

de 10c

a E8t+ f(O’),

the equation for one-dimensional wave propagation in a rod is given by ©

A5e =50 = & 5 (8:69)



where z is the coordinate along the rod, t is the time, e is strain, o is the
overstress, E is the modulus of elasticity,y is a constant, o¢ is static yield

stress, and
E E
E=az; r=act ; c=4/— ; a=py i
P oo

Eq.(8.69) is invariant under a group of translations,

G: E=f+ea ; T=74+€f ; 6=o0,
so that a traveling wave solution can be written as
c=g(s) and s=cr—¢ (8.70)
where ¢ is the speed of propagation, equal to o/f.

Substituting Eq.(8.70) into Eq.(8.69), the following similarity repre-
sentation results:

& d
- = oL 2 (8.1
Integrating Eq.(8.71), we have
Bl -2 = 2(g) + 4

where A is a constant. When &% < 1, the propagation of waves is non-
characteristic and similar to solitary waves.-
The solution can be written in the form of a quadrature:

o= [’ﬁl;—ﬁ]/grl(,\)dx +B (8.72)

The constant A is set equal to zero, and B is another constant. Once the
form of f(g) is known, Eq.(8.72) can be evaluated.

8.4 From Translation to Dimensional Group Invariance
In section 8.3, the traveling wave similarity solutions were discussed.
The equations are invariant under a group of translations, and the similarity
solutions are of the form:
v=1uf¢) ; ¢=z—-At—c (8.73)

where ) is the propagation speed, and c is a constant.

154



We now make a change of variables as follows:
z=n(€) ; t=ln(r) ; c=in(4) (8.74)

Eq.(8.73) can then be written as

u= U(—A%—) (8.75)

which is the type of similarity variable obtained by dimensional groups.
Ezample8.9: Korteweg-de Vries Equation
We will rewrite the Korteweg-de Vries Equation in a different form:
Ugzy + VU, + U, =0 (8.76)

By making the change of variables as expressed by Eq.(8.74), the
Korteweg-de Vries equation can be transformed to:

20% du @
363 a§2+§a€+ful+r—'-‘=o (8.77)

8¢
Since Eq.(8.77) is a similarity representation of Eq.(8.76), it can be trans-
formed to an ordinary differential equation in terms of the variable 6 where

§

A

‘53

When traveling-wave solutions of the form Eq.(8.73), have an unknown
velocity of propagation,,the problem basically corresponds to “self-similar
solutions of the second kind”!!. ) is determined from the simultaneous
consideration of the conservation laws and the internal structure of the
transition regime. More discussion on “self-similar solutions of the first
and second kind” is presented in section 11.5 of this book.

8.5 Summary

In this chapter, similarity analysis of wave propagation problems gov-
erned by hyperbolic equations was discussed. Two classes of wave motion
were considered: (1) propagation along the equations’ characteristics, and
(2) non-characteristic propagation. The analysis of the first class of wave
motion involves the determination of the similarity characteristic relation-
ship. This relationship essentially represents a singularity in the similarity
representation. The second class of wave motion arises as a result of shock
wave propagationsand.in traveling.wave problems. Instead of satisfying the
similarity characteristic relationship at the wave front, the so-called “jump
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conditions” are required for the shock wave propagation problem. The
traveling wave solution is obtained by invoking invariance under a group of
translations.

10.

11.

12.
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Chapter 9

TRANSFORMATION OF A BOUNDARY VALUE PROBLEM
TO AN INITIAL VALUE PROBLEM

9.0 Introduction

The method for transforming nonlinear boundary value problems to
initial value problems was first introduced by Toepfer® in 1912 in his at-
tempt to solve Blasius’ equation in boundary layer theory by a series ex-
pansion method. About half a century later Klamkin?, based on the same
reasoning, extended the method to a wider class of problems. Major ex-
tensions were made possible only when the transformation process was in-
terpreted and re-examined by Na® in terms of the continuous groups of
transformations.

In this chapter, two methods for transforming a boundary value prob-
lem into an initial value problem are discussed. The first method uses
inspectional groups, and as such will be referred to as the “inspectional
group method”. The second method,which is deductive in nature, is based
on the use of infinitesimal groups and will therefore be called the “infinites-
imal group method”. Both the methods start out by defining a group
of transformations. The “particular transformation” within this group of
transformations which can convert the boundary value problem into an
initial value problem is identified. In the inspectional group method, the
particular transformation within this group of transformations which can
convert the boundary value problem into initial value problem is similarly
identified. This is done by stipulating that:

(1) the given differential equation be independent of the parameter of
transformation, and

(2) the parameter of transformation is identified as the “missing” bound-
ary condition.

In the infinitesimal group method, invocation of invariance of the differen-

tial equation leads to a particular form of the characteristic function, W.

This will result in a subsystem of equations which upon integrating from

the variables in the boundary value problem to the variables in the initial

value problem, gives the required transformation.

We will now examine the inspectional group method and the infinites-
imal group method through applications to some engineering boundary
value problems.

9.1 Blasius Equation in Boundary Layer Flow

As a first example, let us consider the Blasius equation from the bound-
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ary layer theory®. The objective is to transform the boundary value problem

dsf ef
dn® Zfd 2
4(0)
fo=0, Lh=o
_ ¢(o0) _
n=oo i ===
into an initial value problem
Py 1 &g
a-gs- + Eg-dﬁ =0
0. . WO £g(0) _
6—0-9(0)—(7,—3?——0, pr =1

We will now derive the transformation using both methods.

(a) Inspectional Group Method:
Defining a linear group of transformations, G:
G: n=A%¢ and f= A%y
Transforming Eq.(9.1) by using group,G, we have

A% dag

A%e21 g
v

Tt =0

Egs.(9.1) and (9.3) would be equivalent if
Qg — 3&1 = 2&2 - 2&1

or
a2 = —Qy

(9.1)

(9.2, )

(9.2¢)

(9.3)

(9.44,b,¢)

(9.5)

(9.6)

(9.7a)

(9.70)

The first two boundary conditions,Eqs.(9.2a,b), would transform under

Eq.(9.5) to the conditions (9.4a,b).
Eq.(9.2c) becomes
o) _ A% dg(oo)
dn ~ Aer g

Using the relationship as obtained in Eq.(9.7b),

=1

A= (dg((;;) ) —1/(2a3)
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We now have to determine A such that the “stipulated” boundary
condition, Eq.(9.4c) is obtained. Therefore,

Pg0) _ A1 &f(0) _

ZZ " Ae dy? 1 (9.9a)
so that 21(0)
= 1/(8ay)
A= p ) (9.9)

We now set f"(O) equal to the value of the parameter,A, so that
Eq.(9.9b) leads to az = 1/3. Therefore, using Eq.(9.7b) a; = —1/3.
Eliminating the parameter A such that Eq.(9.8b) and (9.9b) are equiv-
alent, we have 2
0 dg(o0}\ —
A= d{;('b’) =( 9{56 )) 3/2 (9.10)
The numerical integration is now straightforward:
(i) Solve Eq.(9.3) subject to boundary conditions, Eq.(9.4), as an initial
value problem by forward integration. Obtain the value of g’(oo).
(i) Compute the value of A from the relationship

_ (dg9(0)\—3/2
(iii) Using the transformation as defined by Eq.(9.5), determine the vari-
ation of f(n) vs. n. Therefore, the problem is now transformed back

into its original description.

For the Blasius problem, the variation of dg/d¢ vs. ¢ is plotted in
Fig.9.1. It can be seen from the figure that dg(co)/dé=2.0852. Therefore,
the value of A from Eq.(9.10) is equal to 0.3320. The transformation can
now be written as

G:n=A"13¢; f= AY3g where A =0.3320. (9.5)
qu(;-) =2.0852
S e i i
dg.
a
(N
I 1 1 | 1
| 2 3 4 5
;

Fig.9.1 Solution of Eq.(9.3)
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(b) Infinitesimal Group Method

The basic difference between this method and the inspectional method
is that no particular group of transformation is defined at the outset. The
required boundary to initial value transformation is derived systematically.
To begin, let us define an infinitesimal group of transformations:

f=n+ed(n,f) + O?)
f=F+eb(n,f) + O?)
p=p+ec(nfp) + O (9.11)
7= q+e(n.f,p) + O(¢?)
#=r+ep(n,f,p) + O(¢)

where
¢ ef &

Td T wr T

In terms of the characteristic function, W,

EY% ow
p=—7—; 0=p—-W; ¢=-X(W)

dp 9p
=-[X*W+2g XaW aw] (9.12)
of
ow 2 02W
— _[v3
p= [X W+3qX23 +3X3f + 3¢° 35 ]
ow aow
-—r[3Xa +?fl
with 5() 5()
X()= 2n TP
Eq.(9.1) can be written as:
1
r+ —2-fq =0 (913)

Invariance of Eq.(9.1) under transformation (9.11) can be written as
1 1
pt I+ 58 =0 (9.14)

Using Eqs.(9.12), we get:

oW oW 62W 3 ow

3 2
X° W+ 3¢X*— ap 3f = +3¢°—— 3737 -3
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1, 0W 1 BW 6W

-- X2W+2g X
gt + 24 5 =)
q aw
1 - g 9.
+5(W 5 )=0 (9.15)
Simplifying and re-writing Eq.(9.15), we have
aw cW 2w
3 _1 oW oW 2
X°W+(3¢X fQ)X +3qX 37 + 3¢ 3757
fX2W+ qW—lpq-aa—‘:-—O (9.16)
Since W is linear in p,
W= Wi(n,f)p+ Wa(n,f) (9.17)

Substituting Eq.(9.17) into Eq.(9.16), we get

BW, W, W, _3W. [3°W,

- + p( + + O% Wy
a3 2 anz " P\aps T°3.287 T 2 an?

+I5037)

3w, W, %W, [fO W,
a7on? T35 T ey Y2 o)
3w, W ?W. FPW
1 + 2 f 1) +p4 1
ondf? ar 2 af? af
62W1_£6W1 332W2+_Wi2_]
an? 2 9y andf 2
fow; 32w, 32 W,
2757 T 9%mar TR )
a7 7 oy
Equating the coefficients equal to zero, we can conclude based on the coef-
ficient of ¢2 that

+p%(3

+p°(3

+q[3

+pq[ -

=0 (9.18)

Wy = Wi(n)

The coefficient of pg would lead to the conclusion that W is linear in f.
The remaining coefficients can be written as:

O, 10W,
ond 27 912
82 W e 32 Wk 32 W, 02 W,
on® " apenz T3l a2 T amar O (619)
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2 2
Wy _[OWy %Wy Wy _

3 a2 an 8n6f+_2——-0
The solution of Eqs.(9.19) would lead to:
W(n,f,p) = (csn + cs)p + csf — bcs (9.20)
The infinitesimals ¢ and § are:
¢=—2csp ; 6=-3csq (9.21)

The difference between the boundary value problem, Egs.(9.1) and (9.2),
and the initial value problem, Eqs.(9.3) and (9.4) lies in the boundary
conditions Eqs.(9.2¢) and (9.4c).

We therefore integrate the equations

dp dg

=d 9.22
—2c5p —3csq e ( )

from the variables in the boundary value problem, namely,

p(=%) and 9(=d—,75

to the variables in the initial value problem, namely,
x(_ dg *( &g
p (_ af) and q (—' dé'z)

The results are . .

L = 3ua gng %—J— = ¢ 2% (9.23a, b)
q

Evaluating Eq.(9.23a) at n = ¢ =0:

&£(0)

- ,™3cga
-—d;"’— =€ 5 (924)
Evaluating Eq.(9.23b) at = £ = oc:
daleo) _ ¢ 2% (9.25)

d¢
Eliminating csa from Eqs.(9.24) and (9.25), we obtain the relationship

#1(0) - (d9(°°))—3/2
dn? d¢

which is the same as Eq.(9.10).
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9.2 Longitudinal Impact of Nonlinear Viscoplastic Rods

We now consider the problem of longitudinal impact of a semi-infinite
nonlinear viscoplastic rod that is subjected to a constant velocity impact, v,
as shown in Fig.9.2.

CONSTANT VELOCITY
IMPACT, vo @ _______________ < )_’x

Fig. 9.2 One-Dimensional Viscoplastic Impact

The governing equation is quasilinear parabolic and can be written

as®:

8%y 0v, dv
79(6—;)( - 5;)" t= T (9.26)

v is the particle velocity, and ¢ is the nonlinear exponent of the constitutive

relationship

de o

ot (0'0 )
z is the space coordinate, ¢ is the time, o is the stress and e is the strain.
The constants 4, D and ¢ depend on the material of the rod.

Using the similarity transformation

v = vf(n)
where
kz 1 1
n= 't—": ) k= (.7q)1/(41+1) vo(q~1)/(q+1) y m= 0+ 1 (9.27)
Eq.(9.27) can be written as
‘{2.{ J 2—gq
5 mn( - EZ) =0 (9.28)
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The boundary conditions (0, ¢) = vy and v(oo,t) = 0 transform to

flo)=1 5 fleo) = (9.29)
Making the change of variable f =1~ F, Eqs.(9.28) and (9.29) becomes:
d&’F dF \o—,
Py mn(E) =0 (9.30)
F(0) =0 and F(oo)=1 (9.31)
(a) Inspectional Group Method
We now define a linear group of transformation, G,
G: n=AM¢; F=A%g
so that the boundary value problem can be transformed to
&g dg\2—q
wt mé (= E) (9.32)
o(0) =0 and ¥ (9.33)
d¢
Transforming Eq.(9.30) under the group G:
A% B rasiz—) 4 2=
A201 d§2 + A«ile 1)+aji2 q)mf( 5) =0
If we set
=2a; = (g— o1+ (2 - gl
then Eq.(9.32) is obtained. Therefore,
-1
ot (9.34)

Qg ¢+1

The boundary condition F(0) = 0 is transformed to g(0) = 0. However,
the boundary condition F(oo) is transformed as follows:

F(oo) = A% g(c0) =1

Therefore,
1

A== Yas 9.35

[9(°° ] (6:55)
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We now determine A such that “missing” boundary condition

‘_1%’791 =A or A"’_"'%—(gl =A
Since dg(0)/dé = 1, we have:
az—a;=1 (9.36)
From Eqgs.(9.34) and (9.36),
a1=3(a-1) and o3 = Sla+1) (0.37)

The numerical procedure would proceed as follows:
(i) Solve Egs.(9.32) and (9.33) as an initial value problem using forward
integration. Obtain the value of g(o0).
(i) Evaluate A using Egs.(9.35) and (9.37).
(ii) Using the group of transformations, G, the variation of F' vs. 5 can
now be determined.
For different values of the nonlinear exponent,q, the gradient F/(0) = A
is compared with closed-form results® and the agreement is found to be
good.

(b) Infinitesimal Group Method

Eq.(9.30) can be written as

k+mnp® 9=0 (9.38)
where
i, _PF
p - dn 9 - dﬂz

Introducing the infinitesimal group of transformations:
7 =1n+ep(n, F) + O(*)
F=F+eb(n,F) + O?)
p=rp+e(n F,p) + O
k=k+eb(n,F,p,k) + O(%) (9.39)

In terms of the characteristic function, W,

W oW
¢——5; 5 G—P‘a—p—‘w
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¢ =-X(W)

= —[X2+2kX%2/—+k%-¥-] (9.40)
with 5 3
X( )E—(;)- + psi—)

82 82 ,0%
X3()= 8;2) +2”am§1)«" +p al'E?)

Again, the objective here is to transform the given boundary value prob-
lem to an initial value problem suitable for numerical forward integration
procedures.
Invariance of Eq.(9.38) under the group defined by Egs.(9.39) requires
that
§+mp* ¢+ m(2~ g)np' % =0 (9.41)

Substituting Egs.(9.40) into Eq.(9.41), we get

RPW _ B2W LW oy OW  OW
~a o ¥ gpe tmr (XG0t oE)
—,0W -
¢ +mp? q—a—;— -m(2-qmp' T X=0 (9.42)
Since W(n, F,p) is linear in p, we let
W(n,F,p) = Wi(n,F)p + Wa(n, F) (9.43)

Substituting Eq.(9.43) into Eq.(9.42), and equating the coefficients to zero:

% W,

on? =0

2 2

LR A +2a A

an? ondF

8w, N W,

ndF ' aF?
92w,
8F?

=0

2 0

=0 (9.44)

aw, oW
mpq—?-a#—m(l—q)r)—a—},—z-i-mw1 =0
oW,

— -0

oF

166



The characteristic function can be obtained by solving Eqs. (9.44) in
the following form:

1- qC317)P+ (CsF + C4) (945)

W(W)F;p) = (1+ q

The infinitesimals ¢,6 and ¢ can now be written as:

1—g¢ 2¢c3
= i 0=—csF—¢qg ; ¢=— .
¢ 1t qcsfl 3 ¢4 3 ¢ 1+ q? (9.46)
We now solve the system of equations
dn dF dp
—_—=—=—=da 9.47
iy M (9.47)

Integrating Eqs.(9.47) so that the variables of the boundary value prob-
lem, Eqs.(9.30) and (9.31) can be related to those of the initial value prob-
lem, Eqs.(9.32) and (9.33), we obtain the following relationships.

§_ J1—a/i1+alese (9.48a)
n
% — e_caa (9.486)
%*
B_ze—2c;a/(1+q) (9.48¢)
p

Evaluating Eq.(9.48b) at n approaches infinity, we get:

M = ¢
F(o0)
Since F(oo) = 1, we have
g(oo) = € ¢ (9.49)

Evaluating Eq.(9.48¢c) at n equals to zero, we get

dg(0)

& _ _ 2C3a
TFoT = exp( g q) (9.50)

Since we have stipulated that

d_g__).-:l

(0
d¢
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in the initial value problem, we get

dF(O) _ 2c;;a
o ezp(l n q) (9.51)

Eliminating ’a’ from Egs.(9.49) and (9.51),we get

aFO) _1_1 qze4n)
dn [9(00)] (5-52)

Eq.(9.52), which is obtained by the infinitesimal group method, is the same
as Eq.(9.35) obtained by the inspectional group method.

9.3 Summary

Group-theoretic techniques for transforming a boundary value problem
to an initial value problem were covered in this chapter. Two methods for
obtaining such transformations were discussed: (1) the inspectional group
method, and (2) the infinitesimal group method. The basic difference be-
tween the inspectional and the infinitesimal group methods is that in the
latter, the transformation is deduced systematically by starting out with a
general group of transformations. The required transformation that con-
vert a boundary value problem to an equivalent initial value description
were obtained by stipulating that: (a) the governing differential equations
be invariant under the group of transformations, and (b) the parameter of
transformation is identified as the “missing” boundary condition. For fur-
ther details on the application of the group-theoretic techniques to bound-
ary value problems, readers should refer to the text by Na®.
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Chapter 10

FROM NONLINEAR TO LINEAR DIFFERENTIAL EQUATIONS
USING TRANSFORMATION GROUPS

10.0 Introduction

The mathematical descriptions of large number of physical problems
arising in science and engineering manifest themselves as nonlinear differ-
ential equations. Since there is an abundance of methods for dealing with
linear differential equations, a popular practice has been to introduce some
form of approximation that would linearize the nonlinear equation. These
approximations usually impose certain restrictions on the solutions. In this
chapter, we will discuss procedures for deriving mappings based on group-
theoretic motivations that transform a nonlinear differential equation into
a linear differential equation.

Na and Hansen' and Bluman? have proposed deductive procedures
for deriving mappings that transform a nonlinear differential equation to
a linear form. Their procedures are based on the use of Lie’s group of
“point transformations® which act on a finite dimensional space. Na and
Seshadri® have proposed an approach that is based on simple groups of
transformations. The underlying group-theoretic concept of invariance is
used in all of the above procedures.

It has been recently shown that differential equations can be invari-
ant under a continuous group of transformations beyond point or contact
transformations?. These continuous group of transformations commonly
known as “Noether transformations® or “Lie-Backlund (LB) transforma-
tion” act on an infinite dimensional space. The underlying basis of these
procedures can be summarized as follows: Any linear differential equation
which admits a nontrivial one-parameter point Lie group of transformations
is invariant under an infinite number of one-parameter LB transformations
through superposition. Moreover,every known nonlinear partial differential
equation invariant under LB transformations can be associated with some
corresponding linear partial differential equations. Readers are referred to
the works of Anderson et al® and Kumei and Bluman® for details on the use
of LB transformations for discovering mappings that transform nonlinear
to linear differential equations.

In this chapter, procedures based on Lie’s group of point transforma-
tions will be discussed in some detail. Effort has been made to keep the
treatmentyof:thesubjectrasisimplesasypossible, so that the novice can grasp
the underlying principles involved.

169



10.1 From Nonlinear to Linear Differential Equations

The underlying principle in any group technique that transforms one
differential equation to another can be stated as follows: “If a transfor-
mation maps any solution of a differential equation Hys into solution of a
differential equation Hy, then it is necessary that this mapping transforms
the Lie group of H)s into the Lie group of Hy”. Therefore, let us then say
that the differenitial equations Hys and Hy are invariant under groups Gu
and Gy, respectively. If a transformation can be found that maps Gjs into
Gy, then the differential equation Hps is mapped into Hy.

Let us now consider a second order partial differential equation to
represent Hys and Hy:

Hy @ e = HM(zJ tu, uz:ut:uﬂlutﬁ) (10'1)

Hy : vz = Hy(z,1,9, 92, v, Va2, v2t) (10.2)

Introducing the notation
G1=Z;560=1;¢3=U; ¢4=1Us; 5= U

6 = Ugt 5 §7T= Ut ; 8 = Usze,

Eq.(10.1) can be written as:

{8 = HM (§1}§2:§3:§4;§5;§61§7)' (103)

We now define an infinitesimal Lie group (Guy) as:

=+ 651(‘;)(§1:§2:§3) + O(€?) (10.4a)
G = 2+ €Sy (¢1,¢2,¢3) + O() (10.45)
G = ¢3 + €S (¢1,42,¢3) + O(€?) (10.4c)
Sk =Skt 651(\?(&;5‘2,5‘3) + 0(é?) (10.44)

where £=4,5,6,7 and 8, and ¢ is the parameter of the infinitesimal group.
We can write Eq.(10.4) in an abbreviated form as

Gu(Siy', 847, 8425 €) (10.5)
Similarly, the group Gy can be written as:

Gu (S, 5% ,8%):¢) (10.6)
where Sj; and Sy are the infinitesimals and their extensions.
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If there exists a mapping (T) such that *

T: v=F(s1,¢,¢3,54,¢5) (10.7)

maps the solution of Hy, into those of Hy, then F must necessarily sat-
isfy the following relationship arising from invariance of Eq.(10.7) under
Eq.(10.4) to (10.6):

5 \oF
5§ =58 g-; (10.8)

=1

If we seek a transformation of dependent variables only, then
sl =8y sl =50 (109)

Eqs.(10.8) and (10.9) express the underlying concept of invariance, and
relate equations Hys and Hy.

Two methods for deducing the required mapping that would transform
a nonlinear differential equation into a linear differential equation is now
discussed.

(i) The Inspectional Group Method

In an effort to enable a non-specialist in group theory to use these
powerful concepts in a quick and simple manner, a procedure entitled “in-
spectional group method” was proposed 3. For the purpose of discussion,
we consider a one-parameter linear group. However, other groups such as
spiral groups etc. can be used.

The key steps are as follows:

(1) Define the assumed group of transformations as

z; i=4a"t; = a’u) (10.10a)
Gy: {(z=a"z; T=a"t; v=a%) (10.100)

(2) Invoke invariance of the differential equations (10.1) and (10.2) under
groups (10.10) , respectively, and determine the relationship between
p,m and n, and the relationship between ¢, m and n.

(3) Consistent with the “assumed” group,a mapping of the following form
is sought:

T: u= C1™ {73939, 4y, (10.11)

The constants ; to ag are determined so that

T: w= Cz*1*33" po490 10.12
z Y

* The necessary and sufficient condition for the existence of a one to
one transformation of a system of nonlinear differential equations to a
system of linear equations is discussed by Kumei and Bluman®.
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In practice, some trial and error is involved at this stage. We can
assume a trial form of Eq.(10.11) by setting some of the a's equal to
zero. The only exception is when

a3=a4=a5=0

For this case, the mapping is invalid.

(4) Substitute the trial mapping (T) into equation Hjps and check if equa-
tion Hy is obtained. If it does, the value of C can be readily obtained.
If it fails to yield equation Hy, then proceed to find another mapping
using different ols.

While the inspectional group method has been described by using
a one-parameter linear group of transformations, any other inspectional
groups such as spiral groups can be used. The reader should try out all
possible groups on order to come up with the required nonlinear to lin-
ear mapping. Limitations of the inspectional group method is discussed in
section 10.4.

(ii) The Infinitesimal Group Method

The infinitesimal group method is mathematically more rigorous and
complete. The key steps for this method are as follows:

(1) For the given nonlinear equation Hys, and the desired linear form Hy,
the respective infinitesimals or transformation functions

(58,52, 52) and (559,582,589

are obtained by determining the “characteristic function”, W, as de-
scribed in section 3.2.
(2) Since only transformation of dependent variables is sought, it is stipu-
lated that ) 0 @) @)
Sy =8y 5 Sy =8y

(8) The required nonlinear to linear transformation (T),

T: v="F(¢1,¢2,$3,¢4,$5)

is obtained by solving the subsystem

5

@ _ ygln 8F
or
dF - d¢y - d¢o - - s
sy sy sl Si
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10.2 Application to Ordinary Differential Equations -Bernoulli’s Equation

Consider, as an example, the first order nonlinear ordinary differential

equation 7:

Hy % + B(z)u = R(z)v (10.13)

The objective here is to systematically discover a mapping (T) using the
inspectional as well as infinitesimal group methods that will transform
Eq.(10.13) into the linear form:

Hy : % + O(z)v = D(z) (10.14)

(a) Inspectional Group Method:
We now define a group of transformations G)s and Gy as follows:

Gy:(v=a"% ; z=14a"3) (10.154)

Gy:(v=1d"v ; z=20"3) (10.158)

For Eqs.(10.13) and (10.14) to be invariant under Gy and Gy respectively,
their coefficients have to be expressible in the following form:

B(z) = bgz™ ; R(z) = roz™ (10.164)

C(z) = coz™ ; D(z) = dyz™ (10.165)

These types of restrictions are typical of the inspectional methods where
assumed transformation groups are used.
Invariance of Eq.(10.13) under group Gy gives the following relation-
ship:
pi(l— k) =r(ng — m) (10.17)

Similarly, invariance of Eq.(10.14) under group Gy leads to:

p2 = r(nz — my) (10.18)
We now seek a trial mapping (T)

T: u=Alrg™ (10.19)

where 6; and §; are as yet to be determined. Invariance of Eq.(10.19) under
Gy and Gy along with the use of Eqs.(10.17) and (10.18) gives

ny — my 1 1
: - 10.20
ng——me)l-lc n, — mp ( )

e
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The Leibnitz transformation is obtained when m; = my,n; = ny and 6; =
0. Therefore,

1
=1 (10.21)

where A can be found to equal to one, by substituting Eq.(10.21) into
Eq.(10.13) and then comparing with Eq.(10.14).

It is seen that that by assuming other forms of “trial mappings”, T the
linear differential equation will not result. The trial and error process in-
volved is certainly a disadvantage of the inspectional group method. How-
ever, whenever applicable, the method is very simple to apply. The limita-
tions of this method are discussed in section 10.4.

(b) Infinitesimal Group Method:
We will now rewrite the Bernoulli’s equation as:
Hy : p+ B(z)u= R(z)v* (10.134q)

where p = du/dz.
Similarly, the linear version can be written as

Hy : ¢+ C(z)v = D(z) (10.14a)

where ¢ = dv/dz.
An infinitesimal group of transformations is defined as follows:

Gm : 7= z+ €&(z,1,p) + O(e?)
= u+ ef(z,u,p) + O(c?) (10.224)
p=p+en(z,u,p) + O(°)

and
Gy :z=z+¢(z,v,q) + 0(€%)

v=v+eS(z,v,q) + O(e?) (10.225)
7= q¢+¢Q(z,v,9) + O(¢?)

In terms of the characteristic functiion, Wy,

§=p—u>— W, (10.23)




Similarly, in terms of the characteristic function, W,

_ 9 Wa
= —-—-aq
oW,
S=qg— - W 0.
q 34 2 (10.24)
_ 8 W2 8 Wo
Y av
If the variable z remains unchanged after the transformations, then
|44
£=0 or aap1 =0 (10.25a)
W.
¢=0 or a—aq—"’ =0 (10.255)

This stipulation is more restrictive than the requirement that £ and ¢ should
be equal, but non-zero, for a nonlinear to linear transformation to exist.
Rewriting Eq.(10.13a) as

Fi=p+ B(z)u— R(z)u* =0 (10.13)
we find that Eq.(10.13b) is invariant under G if

aF, dF,
[au (= 5 )] =0 (10.26)
Substituting Eq.(10.23) into Eq.(10.26),

aw; aw;
oz P du

(B — kRu*"1)(p a;z* - W) —( )=0 (10.27)

Eq.(10.27) is a first order linear partial differential equation in W;. Since
dW./3p =0, Eq.(10.27) can be written as:

aw aw
~ kRu*1 e = :
(B-kRe T W+ 5t 4 p =0 (10.28)
Eq.(10.28) is linear in W), therefore we can separate the variables z
and u as:

Wi(z,v) = ¢1(z)¥(u) (10.29)
Substituting W, from Eq.(10.29) into Eq.(10.28) , we get
om0, 10
(B— kR + -+ p (10.30)
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Introducing p from Eq.(10.13b) into Eq.(10.30) and rearranging, the fol-
lowing equation can be obtained:

1961, k. 131,
[(1- KB+ 5 52 ] p[u e ]=0 (10.31)
from which 56
1 —_— —
= =—(1-2)B¢ (10.32)
a
% _ K (10.33)
u u
Solving Eq.(10.32) and Eq.(10.33), we get
$1 = e.'cp( - /(1 - lc)Bdu) ooy = oF
Therefore, the characteristic function is
Wi(z,u) = v*ezp( - /(1 — k)Bdu) (10.34)
Using Eq.(10.23) and (10.34), we have
= péé-‘?- - Wy = —vFezp( - /(1 — k)Bdu) (10.35)

In a similar fashion, we will proceed to analyze Eq.(10.14a). Here
again, it is stipulated that the independent variable does not transform

under Gy. Therefore,
aw,

Rewriting Eq.(10.14a) as
Fy=¢+ C(z) - D(z) =0 (10.14b)
the condition for invariance of the above equation under Gy can be written
as
oF, oF;
S 30 + Q—a—q- =0 (1036)
Substituting Eq.(10.24) into Eq.(10.36), we get
oW, oWz,
W2 C(z) + | Fral q—av—] =0 (10.37)

Since Eq.(10.37) is linear in W, we can assume that
Wa(z,v) = ¢2(2)12(v) (10.38)
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Substituting Eq.(10.38) into Eq.(10.37), we get:

1 39 1 0¢ny
—_— —_— 10.39
(0+ 2%8) 4 o( 15 (109
Therefore,
1 0¢s
oy (10.40)
and L oy
2
= -0 .
C+ -7, (10.41)
The characteristic function, W5, can be written as
Wa(z,v) = apBoezp( — /C(z)dz) (10.42)

Using the relationship defined in Eq.(10.24) the infinitesimal for v can be

written as
aw,

S = q-a—q— — Wo = —aofoezp( — /C(x)dz) (10.43)

To obtain the nonlinear to linear transformation
T: u=u(v) (10.44)

we solve the infinitesimal version of Eq.(10.44), which can be written as:

0 =5 (10.45)

Therefore, using values of # and S from Eq.(10.35) and Eq.(10.43),we get

ukezp( - /(1 - k)Bdz) = aoﬂoezp[ - /C(z)dz]—“i—:
(10.46)
Letting C(z) = (1 — k) B(z), we have
du dy
e 47
v aofo (10.47)
Integrating Eq.(10.47), we get
T: v= oo Wk
1-k



When aofy = 1 - k,the transformation (T) would map the nonlinear equa-
tion in the linear form.
Therefore, the required nonlinear to linear transformation (T) is

v=ul"k (10.48)

It can be seen that in both the inspectional and infinitesimal group
methods, the underlying concept of invariance leads to the required map-
ping. While B(z), C(z),D(z) and R(z) have to be expressed in a power
form in the inspectional group method because of the assumed group of
transformations, no such restrictions are required in the infinitesimal group
method.

10.3 Application to Partial Differential Equations-A Nonlinear Chemical
Exchange Process

Consider now the nonlinear partial differential equation 7
Hy: ougg+up+ug + uzuy =0 (10.49)

The above equation arises in a chemical exchange process between a solid
bed and a fluid flowing through it, sediment transport in rivers, and in chro-
matography.* We will now make a systematic attempt to obtain a mapping
that will linearize Eq.(10.49) into the following form:

Hy : vp+v+v,=0 (10.50)

(a) Inspectional Group Method:
Eq.(10.49) is invariant under a group of transformations, Gy, defined

Gy: a=u+ca; =1z ; t=1t (10.51)

where a is the parameter of transformation.
By inspection, it can be seen that Eq.(10.50) is invariant under Gy,

Gy : T=ve?" ; z=2z; I=t (10.52)

Examination of groups Gy and Gy would reveal that a trial nonlinear to
linear transformation can be expressed as

T: v=ad" (10.53)

where o and § are to be determined such that Eq.(10.53) is invariant under
Gum and Gy. Therefore, substituting Eq.(10.51) and (10.52) into Eq.(10.53)

—cjaz Bli—cya)

€ V= e
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or,
e’°2“+ﬁ°1‘1(5) = ae[ﬂi

For invariance of Eq.(10.53),
—ca+ PBeia=0

or,

ce = fecy (10.54)

The “trial” transformation can now be expressed as:

1 v
u= Eln(;) (10.55)

Substituting the transformation (10.55) into Eq.(10.49), we obtain the fol-
lowing:

Ju la@
8z B vz
dv ladv
=55 (10.56)
d ,du ard 138y a 18v3v 1 38%
515 = 7l505) = 5l v ma T vam
Therefore, Eq.(10.49) can be rewritten as:
a8 10vdvy aldy
B'vozdt v?9zdt" Lt
2
aldy a® dvdv (10.57)

Bvoz PP ozdt
If o = f = 1, then Eq.(10.57) becomes:
v G vy
923t ' 8z Bt

which is the required linear form.
Therefore, the transformation (7T) which maps given nonlinear equa-
tion into a linear form is
u=In(v) (10.58)

This is an example where the invariance is invoked under a spiral group of
transformation.

(b) Infinitesimal Group Method:
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The infinitesimal group method will now be used to discover a trans-
formation (T) that will transform

Hy: vp+u+u+uu =0 (10.49)

into a linear form
Hy: vp+v+9y,=0 (10.50)

Defining an infinitesimal group, Gy:
Gy: t=t+el(t,2) + O(c?)
z=z+eX(t,7) + O(¢?) (10.59a)
v=v+eV(tz,u) + O(?)
where the infinitesimals are defined in section 2.9 as:

ow ow ow oW

= —_— =co-n- : V=gp—o —_— W
dv dv
=55 4=
ot 0z

The group is now extended as follows:
p=p+eri(t,z,v,p,9) + O?)

7= q+ems(t,z,v,p,q) + O()
F=r+edi(tz,v,p,9,5f) + O(e?) (10.598)
3=s+ep2(t,z,9,p,9,1,5f) + O(?)
T=1+ebs(tz,v,p,9,5f) + O()

where
_ % 8% df_&
=32 ' T ows 822
and
AW W . aW _ 3W
M=""g TP, I Mm=773 3y
) W W W W
2 ==

519t '9s8v ‘8wt Bzop
oW  3:W 3W 82w 3w
Gt e+ S )~ (5 an) +
dv  Oz8q JO3p dtdq 0z0v3p
W W W, ,PW
+ - )+q
8z3vdq Jdvitdp  Ov? dv3tdq

tp

+pq(
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o BV W W 8W
Py 2807 + 90" 30902  P°38p T Y3uaq
Eq.(10.50) can be rewritten as

Hy(v) : s+p+g=0 (10.50a)
The general invariance relationship is given by

0Hy d0Hy OHy 0Hy O0Hy

Tat +Xa +Vav +m 3p +m2 3q
dHy 8Hy 0Hy
=0 .
+¢1 ar +¢2 +¢3 57 (10.60)
Substituting Eq.(10.50) into Eq.(10.60), we get:
m -+ Mo + ¢2 =0 (10.61)

In terms of the characteristic function, W, Eq.(10.61), after replacing s by
—(p + q) can be expressed as:

oW W oW AW 9*W

5t % T3z V% T ame
W, W azw_( N )(aw+a2w
Pazav " Y8uat " Tamp PTGy T 323

LW 92 a2w+fa2w
3p3t  '9wdp 3uaq ! 3tag

_ 3*w ( 3>w + FwW BZW)
P 55y 3z9v9p '1\3z9vdq  Bvdtdp 02
LW, W PW
- 3093q ¥ Y5029y  P5wag ° (10.62)
Since W is linear in both p and g,
W(t z,v,p,9) = Wi(t,z,u)p+ Wa(t,z,v)qg + Ws(t,z,v). (10.63)

Substituting Eqs.(10.63) into (10.62), we get

aW, oW, O°Wse. OW, 0°W, O°Ws oW,
(3t * 52 T3 T (57 T T T By s )?

W, 82W, W, oW, oW, , 8W,,
H G * 3 Tt~ 5t )t e P T e !
Wiy O W 2 oW, oW,

( dv i dv + ov? )pq+ Oz r+ ot f=0
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Equating the coefficients of p°, p, ¢,p2, ¢%, pg, r and f, we get:

6W3+6W3+32W3 _
at 3z dzdt

oW, W, W oW, .

0 (10.64a)

A R (10.64b)
aawtfz ?;g’tz 4 f;g’ts _ aa“t’l —0 (10.64c)
?_;5’1 - (10.64d)
%V:’_z - (10.64¢)
% —0 (10.64¢)
a_a‘% _ (10.64h)

Eqs.(10.64d) and (10.64g) show that W, is a function of t. Eqs.(10.64e)
and (10.64h) show that W, = Wp(z). Therefore, Eq.(10.64f) becomes

3% W,

Sz =0 (10.65)

so that
Wa(z,t,v) = Wai(t,z)v + Waz(t,2) (10.65)

The simplified forms of Eqs.(10.64a) to (10.64c) can be written as:

dWs aW; 08%W,

3t T3z T 3 =° (10.66a)
2W, oW,
53e 3. = (10.66b)
W, aw,
rat - '—a-;- =0 (10660)

Using Eq.(10.65) in the above equations, the following can be obtained:

6 W31 6 W31 32 W31
at Oz dzot

O Waznd Wagy 82 Wsy
3t oz | owt 0 (10.678)

=0 (10.67a)
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- =0
ot oz

_8 Ws, _ oW,
ot 9z

From Eq.(10.67c), we get
Wsi(t,2) = Wa(z) + c1()
From Eq.(10.67d), we get
Wai(t,z) = Wi(t) + c2(a)
Comparing Eqgs.(10.68) and (10.69), we conclude that
Wai(t,z) = Wi(t) + Wa(z) + cs
Substituting Ws; from Eq.(10.70) into Eq.(10.67a), we get

oW, oW,
5t T 8z -0

Therefore, we get
Wz(:t) = C42+ cs Wl(t) = "C4t+ [~}

Eq.(10.70) gives:
Wi (t,z) = ca(z—t) + ¢7

The characteristic function, W, can therefore be written as:

W(t,z,v,p,9) = (co — cat)p+ (cs + caz)q

+]er + ca(z — t)]v + Waz(t, 3)

where Waiz(t,z) is a function that satisfies Eq.(10.67b).

Eq.(10.59a), we write
aw

T:—a;—=66*-64t
X:ﬂ,—=C5+C4I
dq
ow ow
V_p—é-’—)—-f-q?q—— W—[q(t—z)— C7]v+ W32(t1$)

For the nonlinear equation,H),,
HMZ Ugt + U + Uy + U Uy =0

183

(10.67¢)
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(10.69)
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(10.72)

(10.72)

By definition,

(10.73)

(10.49)



the same procedure as for Hy is followed:
Gy : t=t+er(t,z,u) + O(e?)

z=1z+ep(t,3,u) + O(e?) (10.74)
2= u+eU(tz,u) + (€?)

where
aw* aw*
=37 V= 3

k0w awt

T

with
«_Ov 4 Ou
P=%719%%;

The group is extended as:
p* = P* + €7I'1*(t,.’t, u:p*: q*) + 0(62)

7 =¢ +em’(t3,0,p%,¢") + O)
=1 e (42, up*,q% 8, )+ 0(?) (10.75)
=" +edr* (4,3, u,0%,¢%, 7%, 8%, 1)+ 0(?)
= +edi(ts u,p%,¢%,r*,s*, f*) + 0(¢?)
with
* ?_2 * 3%u

8%y
"a#’s"ataz’f*‘éﬁ

where 7} andr} can be expressed in terms of the characteristic function, w*,
in the same form as Eqs.(10.59b). Eq.(10.49) can be rewritten as

Hy: S+p"+¢" +p°¢*=0 (10.76)

The invariance relationship can be written as

dHy dHy 0Hy « O Hy +« 0Hy
T Y 9z +U 5 T ap* *r 3¢*

aHM aHM aHM
+¢7 o + ¢5 as* + ¢ o7 =0 (10.77)

Substituting Eq.(10.76) into Eq.(10.77), we get
Ty + 7o +dp+p 75 +¢*n; =0 (10.78)
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In the same fashion as the linear equation, the following equations can be

obtained:
2} W; d W; 82 W;'

3t | 0z | ozt
oW OPWl oWy oW oWs

=0 (10.79q)

%2 T 9t T 9@ 8z T Bz 0 (10.798)
oW} Wy 9°Wy oWy oW
3t T 3wt T Bwat | ot 3¢ 0 (10.79¢)
AW owr
3w +—5-t——0 (10.79d)
oWy Wy _, (10.79¢)
du . a4t '
WE awr 2Wr _awr _ow* ow:
90 T 3e T ae T e i T3 70
(10.79/)
W}
—E—I—_O (10799)
oW}
L =0 (10.79k)
AL (10.794)
au = A9
oW |
2 =0 (10.795)

where
W*(t,z,u,p%,¢%) = Wip* + Wog* + WS

It can be seen that W; = W;(t) and W, = Wz(z). We seek a nonlinear to
linear transformation such that

X=v and T=r

Therefore,
Wl* = (CQ - C4t) H W; = (C5 + C4'$) (10.80)

Using Eqs.(10.80), Eqs.(10.79) become:
aWS awy oWy

3t T az T omt (10810)

B2 Wt nd W
S T = (10.81b)
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et 5 = (10.81c)
2w _aw?
At =0 (10.81d)
Eqs.(10.81b) and (10.81d) give, respectively,
oWy -
823 =c4+ bi(t,z)e” " (10.82)
Wy -
N T (10.89)
Integrating Eq.(10.82)
WE = ozt e / bydz + cs(2) (10.84)

Substituting W3 from Eq.(10.84) into Eq.(10.81d), we get:

e_"/bldz— 3e_"/bldz= 0 (10.85)

which is true only if 4, = 0. Similarly, it can be shown that b, = 0 and
that
cg(t) = c7 — cqt.

Therefore,
W;(z, t) =c¢7+ C4(I— t) (10.86)

The characteristic function, W*, can be written as:
W*(t,z,u,0%,¢%) = (cc — cat)p® + (cs + caz)q* + [cr + caz - 1)] (10.87)
which gives
T=cs—cat ; Y=cs+caz ; U=c4(t—32)— v (10.88)
The transformation from nonlinear to linear differential equation
v = u(v)

can be infinitesimally expressed as:

du
=yt
v=v= (10.89)

Therefore,

(=R E ZE) - o~ Wlt,2) o
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(10.90)
This requires that Wjy(t,z) =0, so that

v = In(v) (10.91)

is the required nonlinear to linear transformation.

10.4 Limitations of the Inspectional Group Method

While the inspectional method is simple to apply, there are a number
of drawbacks that we would like to bring to the attention of the reader:
(a) In the choice of the transformation, there is a certain amount of trial

and error and, perhaps, some judgement required. For example, if one

were to explore linear groups for the problem treated in section 4.2 ,

any of the following forms could have been used: (i) v = ¢;u®s u,% (ii)

v=coufs uls (ii) v= caufu’ (iv) v = cyrr u¥

The 6's are determined through invariance of the transformation. The

validity of the transformation can be ascertained by substituting it into

the nonlinear equation and finding out if the required linear form is
obtained.

(b) The invariance process under inspectional groups does not take into
account the signs between differential terms. For example, both the
equations

Ugp = YUz + Ug (10.92)

and
Upy = —UUg — Uy (10.93)

would be invariant under groups (10.15) defined by Eqs.(10.17) and
(10.18), giving rise to the same mapping (T). However, only the first
equation would transform into the required linear form.

(¢) More than a single equation may be invariant under the same group of
transformations. One example, as we have seen in (b) is when the signs
between the terms of the equation are ignored. The other example is
when more terms can be added without affecting the invariance, e.g.,

u2 U
Uz = YU + ? + up + _t (1094)

This leads to the question as to what is the most general equation
invariant under a given group? Bluman? has discussed in his book,
a procedure to find the most general equation under an infinitesimal
group of transformations. However, the procedure is not applicable
when the analysis is sought using inspectional groups.

(d) Consider now the following equations

(1) ¥ez = uu, + u; (10.92)
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(#2) gz = vug + uy (10.95)

Eq.(10.92) is invariant under the group,G;,

Gy : [a=0d"u; z=a"z ; 1= d"™{
and Eq.(10.95) is invariant under,Ga,

G, : [u=d'v ; T=0a"z ; t=a™{

If we seek an invariant transformation that will transform (10.92)
into the heat equation, and (10.95) into the wave equation (eliminate
uug),ie.,

T: u=cv’(v;) (10.96)

we will get v = cv,/v for both cases, since the constraints due to

the t variable are not brought in. However, only Eq.(10.92) will be

linearized.

It can now be seen that although a mapping (T) can be obtained by
invoking invariance under an inspectional group of transformations, the
required linear equation may not result. The possible reasons have been
discussed in this section.

The infinitesimal group method while being cumbersome, circumvents
most of the limitations of the inspectional group method. The latter, how-
ever, is quick, simple and a useful technique despite its limitations.

10.5 Summary

The concept of invariance has been used to transform a nonlinear dif-
ferential equation to a linear form. The same concept can be used to relate
any two differential equations. Two procedures have been discussed in this
chapter; the inspectional group method which is based on simple groups
of transformation, and the infinitesimal group method based on infinites-
imal Lie groups. While the inspectional group method is easy to apply,
it suffers from a number of drawbacks. The infinitesimal group method,
although cumbersome, is a mathematically rigorous procedure which over-
comes most of the drawbacks of the inspectional group method.
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Chapter 11

MISCELLANEOUS TOPICS

11.1 Reduction of Differential Equations to Algebraic Equations

The reduction of differential equations to algebraic equations developed
by Moran and Gaggioli!, represents yet another application of the group
theory. The method was developed based on the notion of Birkhoff?, that
whenever a system of equations transform invariantly under a group of
transformations, solutions that are sought are also invariant under the same

group.
Consider for the purpose of illustration, the Helmholtz equation:

9y 3%y
Bzy + —+A2y=0 (11.1)

where 1 is a constant.
Let us introduce a two-parameter group defined as

G: fi=z+n(a)) ; =2+ n(ax) ; T=alajy (11.2)
Under this group of transformations, Eq.(11.1) can be written as:

32— 32- 32 32 ,
A?— IR J 2 = .
5.2 + 352 + al%(—a 5 + a—-—— +X%y) =0 (11.3)

Thus, if y = F(z,,22) is any solution of Eq. (11.1), then § = F(4;, %) is
a solution of the invariantly transformed equation. Furthermore, if I is a
solution to Eq.(11.1) such that y = I(z1, z2) transforms under group G into
§ = I(#;, £2), then the invariant solution can implicitly be written as:

9(v,21,22) = K (11.4)

where K is a constant. For the group defined by Eq.(11.2), the “invariant
variable” can be obtained by eliminating parameters a; and a;. Therefore,
the unknown function ¢ in Eq.(11.4) is given by:

gy, z1,22) = ye~ TR (11.5)
Combining Eq.(11.4) and Eq.(11.5), we get:
y= Ker®1t'% (11.6)

Substituting Eq.(11.6) into the Helmholtz equation, Eq.(11.1),withK=0,
we get the following algebraic equation:

rP+e+X=0 (11.7)
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11.2 Reduction of the Order of an Ordinary Differential Equation

Reduction of the order of ordinary differential equations is well-known
in Literature(see Ames® or Ince*). Consider a second order ordinary differ-
ential equation:

&y d
f(d—zg,d—i,y; z)=0 (11.8)

Two special classes of Eqs.(11.8) are of particular importance in engineering
sciences. In the first class, the independent variable z does not appear in the
differential equation, whereas in the second class, the dependent variable y
does not appear.

Eq.(11.8) can be rewritten as:

fla,p,9,2) =0 (11.9)

where

=Y and p=ﬂ

dr? dz

We now define an infinitesimal group of transformations:

2= 2+ ef(z,9) + O(%) (11.10a)
§=y+eb(z,y) + O(?) (11.108)
p=p+en(z,y,p) + O(%) (11.10¢)
7= q+eK(z,9,p,9) + O(¢?) (11.104)

where £,0,7 and K are the infinitesimals. In terms of the characteristic
function, W:

6: ﬂ ; 6 = pﬂ - W
p ap
—r=XW (11.11)
3 62
= (X% + 2qX5— + q )
where
2] 2]
X= 5; + P'é—y

The problem.is-to.determine.£;6;#-and K such that Eq.(11.9) is invariant
under the group defined by Eq.(11.10). To this end, we employ the equation
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L I

+0—=+ K==0 (11.12)

U= E dy ap dq

Substituting Eqgs.(11.9) and (11.11) into Eq.(11.12), we can obtain an
equation in terms of W.
To get the invariants, the following subsystem is solved:

—= =l == 11.13
13 g r K ( )
For the case when z is missing, Eq.(11.12) can be written as
09 L .0f g8 _
1.1
a ap + K (11.14)

It can be shown that the characteristic function is given by W = ap. The
invariants in this case are 1 =y, L = p, ; = q.

Thus, Eq.(11.9) can be expressed in terms of three invariants. If y is
taken as the new independent variable, and p as the dependent variable,
Eq.(11.8) can be written as

d
F(y,p, d—;) =0 (11.15)

Ezample11.1 One-dimensional Oscillator

Consider now the differential equation for a one-dimensional oscillator
with quadratic damping

‘Zfi (% ) +f(y) = (11.16)

Since the independent variable t is missing from the equation, we can
take y and p as the new independent and dependent variables, respec-
tively.Eq.(11.16) is then transformed to

d
pd—:icpz +f(y) =0 (11.17)

The order of differential equation is seen to be reduced by one.

For the case the dependent variable y in Eq.(11.9) is missing, the char-
acteristic function, W, can be found to be a constant. Thus, the new inde-
pendent and dependent variables are z and p, and the order of Eq.(11.8)
is reduced by one,i.e.,

d
olz,p, -d—’;) =0 (11.18)
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11.3 Transformation from Ordinary to Partial differential Equation-Search
for First Integrals

Ames® has presented a method by which a search for the first inte-
grals of ordinary differential equations can be carried out. The ordinary
differential equation is transformed into a partial differential equation by
introducing the functional form of the first integral. Invariance under a
group of transformations is then invoked, and the resulting invariant so-
lutions lead to the first integrals of the ordinary differential equation. To
introduce the idea, we consider the Lane-Emden equation:

=+ -—+7=0 (11.19)
zax

Introducing the transformation z = y/z, Eq.(11.19) becomes

Ly
i

We now search for a first integral of Eq.(11.20) of the form:

+2l kb =0 (11.20)

F(z, y,y') =C (11.21)
Upon differentiation of Eq.(11.21) with respect to z, we get:
F,+yF,+ y"Fy, =0 (11.22q)
and using Eq.(11,20) to eliminate y”, Eq.(11.22a) can be written as
F.+JF, - 2 TEFF =0 (11.22b)

Invoking invariance of Eq.(11.22b) under a linear group of transforma-
tions:

i=a"z; §=a"y; g =ay; F=oF (11.23q)
we find that (3-8
m m(3 —
r= 1= k and n= ﬁ' (k‘iél) (11236)

For m = 0, the similarity variables are found by eliminating parameter o
from Eq.(11.23) as

!

= y Cop= Y
$= Ze=ni=n 5 1T Famw
wF(z,9,9)
o(&m) = — (11.24)
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Since p is arbitrary, it is equal to zero. Eq.(11.22b) is then transformed to:

[(’lc—:-%)ﬂn}ge - [1—-3-—,677+€’°] gn =0 (11.25)

Using the Lagrangian method®, the following first order differential equa-
tion can be obtained:

[—1%%17+€"]d£+ [(%Z—i)em]dn =0 (11.26)
If w(¢,n) is any solution of Eq.(11.26), then
9(¢,m) = H[w(€,n)]
is a solution of Eq.(11.26) for any differentiable function H. Since
F(z, y,y') =g(¢,n) = H[w({,r))] = constant (11.274)
is a first integral of Eq.(11.20), it follows that
w(€,n) = constant= ¢ (11.27b)

is an integral of Eq.(11.20). As an example, the first integral for k = 5 in
Eq.(11.20), takes the form

1
§§° ~ €n + n° = constant

or,

= constant

¥
7

QO

2 !
z(y) —yy +

114  Reduction of Number of Variables by Multiparameter Groups of
Transformations

In chapter 3, we had examined methods for reducing the number of
independent variables of a partial differential equation by one. If more than
one variable needs to be reduced, one may repeat the process of invariance
under one-parameter groups. Clearly, this process is tedious. One may then
ask whether or not it would be possible to reduce the number of variables
by more than one in a single step?

Extending the approach of Morgan, Manohar® proposed a method
based on two-parameter assumed group of transformations. Invocation of
invariance under the group then leads to a series of relationships amongst
the constants of the transformation group. Elimination of the parameters
of transformations leads to the absolute invariants.
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As an application, consider the unsteady, two-dimensional, laminar
boundary layer equations:

%y 2% Y 32¢6¢ ovu U 6311)

5yt ' 019y dy 0Oy? 8z At tUg r (11.28)

subject to the boundary conditions:

—o. W _9_

y=0: 3z = By =0 (11.29a)
e ¥ _

y=o00 : i (z,1) (11.29%)

Consider first the two-parameter group of transformations defined by
Gay : t=A%1; z=Bl3 ; y=A%Bly

¥ =A%BMg ; U=A"B"U

The condition for the invariance of Eq.(11.28) under this group of transfor-
mations requires that

a3 = 501 y @4 = "Eal } @s = —ag
Bs =0; By =Ps =P (11.30)
The absolute invariants are therefore
R RRL == Rt
Similarity solution exists if the mainstream velocity is given by
U= c% (11.31h)

Eq.(11.28) is then transformed to the following equation:

1
T +j'+§r)f” P+ +c1-c)=0 (11.324)
subject to the transformed boundary conditions:
=0:f=f=0; p=00:f =1 (11.32b)

It must be ensured that the similarity representation constitutes a
“completeysetyof ;absoluteysinvariants®s Theorems relating to the formalism
of multiparameter groups are discussed in Moran and Gaggioli’®. The
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formalism for elementary cases using the two-parameter “assumed” group
is discussed by Ames!!, and can be summarized as follows:

(1) For the two-parameter linear group Gz;
Gor: 1 = AME ; p=B5 ; 23 = A% B,
y; = A% B % (1=4,...,7)

The absolute invariants are:

"= z393/a17,83/8:

and

() = Yi =
filn) = PO v 2/ (1=4,..n) (11.33)
(2) Similarly, for the group G, defined by

C=m+mA ; =B ; 23= 4Bl

= eajABﬁj 17]' (] = 4, ey 71,)
The absolute invariants are:

n= elas/ay)z; Iztﬁa/ﬁﬂ

) — Y5 o
fin) = ele;7a1)% 2, (B; 1) (=4,..n) (11.34)
(3) For the group Gza,
Gos 1 3y =AM% ; so=05+ 1 B; 23 = A eﬂ’Bz's
y; = A% eﬂfo'j (1=4,..,n)

The absolute invariants are:

- zlﬂa/ﬂxe(/’a/["x)zn

and

(n) = Yi =
filn) = T T (G=4,..,1) (11.35)

(4) For the group Go4,

G : m=Gitod; ;=15 +f1B; 13= 40

196



ajA+ﬂ,'By-j (] = 4,...,7&)

yy=¢€
The absolute invariants are

Z3
ezp(%lizl + -Z—i-rq)

and

Y5 .
filn) = —= _ (G=4,...,n) (11.36)
ezp(;-:-zl + g-;—»z)

Application of this method has been made to the three- dimensional

boundary layer equations® and to the nonlinear diffusion®!.

Consider again Eq.(11.28). In an abbreviated form it can be written

as:
F = p3s3 + ¢ — p1s — pspas + p2pss = 0 (11.37)
where
TSN T S
P1—at,Pz—az,Ps-ay,sz—atay, ¢
and ou U
¢=-6_t+UF£

On applying the infinitesimal group method, the differential equation
F = 0 as given in Eq.(11.37), will be invariant under the two-parameter
infinitesimal transformation group:

t* =t+ €10!1(t, %, ¥, '/)) + GZ&I(t; z, y}¢)

Z* = I‘}'510‘2(t: z, 3/;1/)) +€2a—2(tlzl y;¢)
p*y = p2 +ema(t,z,9,9,01,p2,p3)

+€2ﬁ'2(t,v Ly, ’/);ply D2, p3)

P sas = Pass + €17333(4, 2, 9, eenneey P333)
+e27333(t, 2, ¥, -0y P111)
Invariance of Eq.(11.37) gives:
Cy UlF + ¢z U2F =0 (11.38)
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Since ¢; and c2 are arbitrary, we have
U,F =0 and UF=0 (11.39)

simultaneously. In their expanded form, they can be written as:

oF oF oF oF oF
al - ta—tas—+¢—+m

at dz 3y "8y  ‘aps
oF oF
7r'..__+1r.-- D —— =0 11.400
Topy O Opi ( )
and
_a_{‘_+ oF +a 2£+_3F+1T.6F
1315 aza aaay §a¢ ap
oF oF
+7, - + =0 11.40
‘Ja ik o 311”1: ( )
Putting F from Eq.(11.37) into Eq.(11.40), we get:
333 + @01 + = ¢ Q2 — W33 — P3Me3 — P23T3
ot Oz
+72p33 + pamas =0 (11.41q)
and
L 0% 0
333 + FTh + 'é-;az M13 — p3fag — Poafis
+Topss + pafisz =0 (11.41b)

The next step is to express the transformation functions or the in-
finitesimals o;,as,etc., in Eq.(11.41) in terms of a characteristic function
W; and ay,as, etc., in Eq.(11.41) in terms of a second characteristic func-
tion W. This differs from the one-parameter method in that two charac-
teristic functions, instead of one, have to be determined from Egs.(11.41a)
and (11.41b). We choose, as an example, two groups as follows:

G, : W; independent of p;

Gz : W; independent of py

By following the same procedure as in the one-parameter method, the
characteristic function W; and W can be found from Egs.(11.41a) and
(11.41b). respectively. The results are

dWy, 86

a6
W = [W111:¢:+ W112(t)]P2 + a—Ps - [W111¢ + — dt Y a]
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and

1 a6 1 o8
Wy = (Warit+ Waro)py + (§ Wairy + a)}’s + 2 Woni¢ + T,
(11.42)

where Wy, Wa1; and Wa,, are constants, Wyyo is an arbitrary function of
t, and 6 and f are arbitrary functions of ¢ and z. In addition, the foliowing
two equations have to be satisfied:

& W12
=0
dt

0
-(-;—:[Wulz-i- an(t)] - oW -

and 56
¢ Waiy + -5;( Waiit+ Waiz) =0

With the characteristic functions W; and W, for the two groups, G;
and G, known, the next step is to find the absolute invariants. For the
combined two-parameter group of transformations, the absolute invariants
can be solved from the following system of equations:

d¢  dz 4y
a;+ad; ax+ady a3+ a3
- W (11.43)
§+as

where a = cz/cy. Substituting the characteristic functions into Eq.(11.43),
we get:

dt _ dz _ dy
o(Wopit+ Wai2)  Winz+ Wi(f) 6, + a(0.5Woryy +6;)
dy

= — = C1€;

(Wini + (Wii2)ey +6:) + a(B: — 0.5Wayy9)
(11.44)

As an example, consider the case in which 6 ,0, Wi12 and Wg)o are all
zero. Eq.(11.44) then becomes:

d¢  dz dy _ dy
aWoyyt Wiz  058aWayy Wiy —0.5aWen ¢

= C1€; ( 11 45)
The three independent solutions are

z

thu/(Wgua) =a (11.460,)
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y
m = Cg (11.46b)

and

14

t(an/("'Wzn )-1/2)

As a final step, the parameter “a” has to be eliminated from Eq.{11.46).
We then get

=c3 (11.46¢)

Y e and Y8
t1/2 2 12 ¢

which are obtained by eliminating a from Eqs.(11.46a) and (11.46c). The
similarity variables are therefore

(11.474, b)

n= t—;’,—; i fln) = ;t.'_pﬁ (11.48)

which are the same as those obtained by Manohar’s method. The boundary
conditions at the edge of the boundary layer is then transformed to:

n=oo: 2f(c0) = Uz,

which gives:
Ulz,t) =

~l8

To show the general nature of this method, consider now two other
groups, namely,

Gs : a general infinitesimal -transformation

Gy : a general infinitesimal transformation with W,
independent of ps

By following the same steps as for groups G; and G,, we get:

Ws = (Warit+ Waiz)py + | Wazr 2+ Wazza(8)]p2

1 dB 1
+('2' Waiiy + —a:)Ps + (5 W11 — Wazy )9
dWiao oB
@ YT E

and

dWazs
¥

Wa = Waapr + [Waziz+ Wazo(t)]p2 — Waary — o
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+ Wasz2 (1) (11.49)

where Wayy, Waiz, Wazi, Wy, and Wyo; are comstants, Wz, Wyzz and
Wasoz are functions of t, and B(t,z) is an arbitrary function of t and z. In
addition, the following equations have to satisfied:

3 0 a
5¢ Way: + -i(Wan- Wsi2) + %[Wsm(t)z-i- Ws2a(t)]

at
1 dw.
—¢[§ W311 - W321(t” - P3 d:z =0 (11500)
and 94 8¢
Wa T + [W421$+ W422(t)]a + Wi214=0 (11.500)

According to the theorems presented in section 2.8, the absolute in-
variants can be solved by the following system of equations:

dt
(Wayit+ Wapo) + aWyy

dz
= Waz1z+ Waza(9)] + o Waz1 5+ Waza(9)]
- %
- % Wiy + %%
dy
T (5 Ways — Wagi ¥ + Wazzey— B, + o[ Waz1 ¥ + Wazzy — Wiyszo)
= ¢, de; (11.51)

As an example, we consider the case in which B, W3,5, Wiz, and Wyas,
are all zero and Wjg; and Wj,; are constants. For this case, Eq.(11.51)
becomes:

dt _ dz _dy
Wanit+ Waiz + aWyy  Waziz+ aWesz L Wspy

_ dy
(=3 Wars + Wazy )y

The three independent solutions to Eq.(11.52) are:

= 81d€1 (1152)

Waniz+ a Wz
(Wsyit+ Wapo + aWyy )"

y _
v Warit+ Waypz + oWy,

c2
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¢, -—_
(War1t+ Wayg + aWyy )~ 1/2

where n = Wsq;/ W3;;. For the special case in which n equals to 1 and
Wsi2 = Oelimination of “a” from the above equations results in:

—_— = cs and ——-——'l)————— = ¢g
VWeat— Wiz VWiot— Wiz

The similarity variables are therefore:

(%]

y ¥
- )= 11.53
" VWarzt— Wyiz ftn) vV Wagst— Wyz ( )

which is the second transformation obtained by Schuh!?.
The boundary conditions at the edge of the boundary layer is trans-
formed to the form:
n=o00: floo) = Uz,

which means U has to be a constant. It can be shown that this form of U
satisfies Eqs.(11.50). For other values of n, the process of eliminating n is
quite difficult. No attempt will be made to discuss this problem here.

11.5 Self-Similar Solutions of the First and Second Kind

Self-similar solutions result from the invocation of invariance under a
dimensional or an affine group of transformations. Such solutions can be
expressed as:

u(z,t) = m(§)F[-—] (11.54)
Y
where z and ¢ are independent variables that may sometimes be interpreted
as a spatial coordinates and time, respectively. The term “self-similar”
comes from the fact that the spatial distribution of the characteristics of
motion,ie., of the dependent variables, remains similar to itself at all times
during the motion.

Self-similar problems have been investigated for some time by Soviet
researchers. Sedov!® has extended the traditional dimensional analysis
techniques to obtain self-similar solutions. In his method, self-similar solu-
tions represent solutions of the degenerate problems for which all constant
parameters entering the initial and boundary conditions and having the
dimensions of the independent variables vanish or become infinite. Baren-
blatt and Zel'dovich ! have pointed out that self-similar solutions describe
the “intermediate asymptotic” behavior of solutions of wider classes of ini-
tial, boundary and mixed problems,i.e., they describe the behavior of these
solutions away from the boundaries of the region where in a sense the so-
lution is-no-Jonger.dependent-on;the.details of the initial and/or boundary
conditions, but the system is still far from being in a state of equilibrium.
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The treatment of self-similar solutions as intermediate asymptotics en-
ables one to understand the role of dimensional analysis in their construc-
tion. The use of dimensional analysis implies a certain regularity of the
limiting process when going from the original non-self-similar solution of a
non-degenerate problem description to the degenerate self-similar descrip-
tion. Such problems are known as “self-similar problems of the first kind”.
Sedov!?® provides a number of self-similar solutions of the first kind, es-
pecially for problems in gas dynamics. There are, however, a wide class
of self-similar problems in which the similarity variables are determined
not only from dimensional considerations alone, but from the study of the
transition process of the non-self-similar problem to an intermediate asymp-
totic. This transition is not regular and dimensional considerations must
be supplemented by the solution of a certain “eigenvalue problem”. These
problems are classified as “self-similar problems of the second kind” 1415,
In terms of group invariance, solutions obtained using traditional dimen-
sional analysis would give rise to self-similar solutions of the first kind, and
solutions obtained by the use of affine groups would lead to self-similar
solutions of the second kind.

The formation of a blast wave produced by an intense explosion dis-
cussed in section 8.2 is an example of self-similar solution of the first kind.
The ‘exponent « is equal to 2/5 from dimensional considerations, and the
parameter C is determined by satisfying the energy integral, Eq.(8.47).
The motion of the shock front,S(t), was described in Eq. (8.52).

—
\
o
7/
/
/
/
&

Fig. 11.1 The Implosion Problem

The problem of an implosion of a spherical shock wave is an example
of self-similar problem of the second kind (see Fig.11.1). A spherically
symmetric shock wave travels to the center of symmetry through a gas of
uniform.initial density.po-and.zero.pressure. The origin for time t=0 is
taken as the instant of collapse,i.e., when R(t) = 0. Therefore, the time
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up to the instant of collapse is negative. The similarity transformation
and representation is given by Eqs.(8.49) and (8.50), respectively. For this
problem o cannot be determined by dimensional arguments. The wave
could be thought of as being generated by a “spherical piston” which pushes
the gas inwards and imparts a certain amount of energy to it. As the
wave converges to the center, the energy becomes concentrated at the front
and the wave is strengthened. The conservation laws do not hold as was
previously the case in the intense explosion problem. Therefore o cannot
be determined using the conservation integral. The variation of R(t) with t
would no longer be proportional to /% but to some exponent o, such that
R(t) is proportional to t*.

For the implosion problem, the limiting characteristic through the ori-
gin lies in the region of disturbance. Therefore, during the integration of
Eqs.(8.50) and (8.51) between ¢ =1 and ¢ = oo, the singularity will occur
on the curve

(V-12-42=0

However, if one is to expect a solution to continue smoothly across the
limiting characteristic, then the right hand side of Eq.(8.50) would be zero.
The exponent a is chosen so that the solution is non-singular. The pa-
rameter C is obtained from consideration of the limiting passage from the
original non-self-similar problem to the degenerate self-similar problem.

For more information on self-similar solutions readers should refer to
Sedov!® and Zeldovich and Raizer!S.

11.6 Normalized Representation and Dimensional Consideration

In chapter 3 the group-theoretic procedure of Hellums and Churchill
was described. The problem of finding the minimum parametric description
can be directly related to the problem of finding (a) the minimum descrip-
tion in terms of the independent variables or (b) a nondimensional represen-
tation. If the minimum parametric description involves arbitrary reference
variables, then the elimination of the reference variables would lead to sim-
ilarity transformations. However, if the arbitrary reference variables are
completely specified, then a normalized representation would result. This
type of representation is suitable for scale-modeling and semi-analytical
investigations.

We will now consider the problem of forced vibration of a single degree
of freedom spring-mass system, as shown in fig.11.2. M is mass, K is the
stiffness of the spring,z is displacement and t is the time. The periodic
force acting on the mass is.F-=-Fgcos(ft), where F; is the amplitude of
the periodic force and £ is the forcing frequency.
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The equation of motion leading to the vibration response is 20,

M% + Kz = Fycos(ft) (11.55)

We introduce the transformations

z -
T=— and t=
Zo

S|

such that z and 7 are non-dimensional. The arbitrary reference variables zo
and {, are determined by seeking a minimum parametric description. The
transformed equation of motion is

M &£z, %
_K?O(E'?) +13= 3> cos(BL}) (11.56)
The parametric description of the problem can be written as
M F
z=¢(t = W2’ Mag —=2, o) (11.57)
K

M |- — — STATIC EQUILIBRIUM

POSITION
13

F(t) = FCOS(ft)

Fig. 11.2 Spring Mass System

If we want to determine the steady state response, we should identify
7o with the static deflection under dynamic load (Fo),ie.,

btatic = 2
statsc — K
For a minimum parametric description, we set
M__ and Fot%’,
tg MZO
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Therefore, we get

1
= — and 2o = bytatic
n

The resulting problem statement is given by the expression

T g ﬁ
Form ~ Plns) (11:5%)

The analytical solution for the steady state response has been determined?°

as:

_(Fo/K)
1-(£)
This example is an illustration of the use of the Hellums- Churchill

procedure for obtaining a normalized representation of a boundary value
problem.

T= —— oz sin(w,t) (11.59)
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Problems

. Show that the transformations
=AMz ; y= A"y

forms a group. What is the identity element?
. Show that the infinitesimal transformations

z=z+eX(z,v) + O(¢?)

§=y+e¥(z,9) + O(e?)

form a group. What is the identity for the transformation? By evalu-
ating the Jacobian of the transformation, show that the inverse exists.
. Are the parameters in the group

T=z+ (61 + a2)

y=y+a

essential or non-essential?
. Find the infinitesimal group of transformations corresponding to the
finite group of transformations

z=-cez+e*(1—€%)y

y= ey

. Find the finite group of transformations corresponding to the infinites-
imal group
z=z+¢(z— y) + Oe?)

7=y +€(29) + O(¢?)

. Find the invariant functions of the following:

\ d 8
(1) Uf = zza—i+y-5§
(%) Uf=z?-— %

. Find the global groups corresponding to the following:

iSO
(1) Uf—zza-kzyay
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8.

10.

11.

of

() U = 2L
L of
(w) Uf = T2

What is the significance of the characteristic function? Comment on
the differences between the Na-Hansen characteristic function method
and the Bluman-Cole infinitesimal group method of invariance analy-
sis.

When does the method of traditional dimensional analysis fail to yield
similarity transformations? What is the effect of assigning independent
dimensions to different directions of the coordinates? Comment on
the consequences of specifying too many independent dimensions for a
physical problem.

The classical separation of variables solution to the linear heat equation

3%u _Ou

dz2 ~ At
or the linear wave equation

02~ 9R

can be written as
u(z,t) = X(z) T(¢)

Invoking invariance under the inspectional group of transformations,
G: (z=z; t=t+pia ; &=
show that the separation of variables solution can be obtained as:
u(z,f) = YPH() 5 c=2
For certain forms of nonlinear partial differential equations, can a sep-
aration of variables type of solution be expected?
Find the fundamental solution for the linear wave equation
Uy — gy = 6(2)6(2)
subject to the initial conditions
4(z,0) = u(z,0) =0
by using the mspectional and infinitesimal group methods.
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12. Consider the nonlinear Klein-Gordon equation

o = Paz+ V(p) =0

Invoking invariance under a group of transformation, the invariant
solution can be obtained as

p=9(€) ; €= kz-uwt

Solutions such as above arises in connection with dispersive waves. ¢
is the frequency and k is the wave number, where w = w(k). The
resulting ordinary differential equation takes the form

(@® = Pl + V(¥) =0
Show that the solution to the above equation can be written as

SRR -

A= VI
where A is a constant of integration. Periodic solutions are obtained
when ¢ oscillates between two simple zereos of |[A— V(1)]. If the zeros
are denoted by %, and ¢, such that
br<¥<¢; , A-V(¥)20 , w*-F,>0,

then with the period in § normalized to 27, the periodic solution writ-

ten as
= [';’( 2= kz)}1/2 [A- ;tf¢)]1/2

Find the solutions ¢ = ¥(¢) and the dispersion relationship for the
following forms of V(¢):

O V) =5

() V(y) = -21-¢2 + ay?

(1) V(y) = py°.

Details of the analysis of dispersive waves are given in a book by G.B.
Whitham entitled “Linear and Nonlinear Waves”, Wiley-Interscience,
1974. Involking invariance under an infinitesimal group of transfor-
mations;-obtainyall-possiblesinvariant solutions for the Klein-Gordon
equation along with corresponding forms of V(¢).
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13.

14.

The differential equations governing free convection on a vertical plate

can be written as:
du Ov _

EPRIF Pl
du Odv 0%v b, -fco
T gt e Py
u3x+v3y V3y2+g foo
uao +v36 _a620
dz 8y  dy?
where
) 8= foo
" fw — oo

y=o00 : u=0;0=0

Using the modified dimensional procedure, show that the three 7 terms
are

v fy— 10 4
=t m= el
_ foo 1/2
= u[g(ow - ‘900)1]

Show that the similarity transformation is given by

= [9(9,,, - 000)1

foo ] l/zf(”1;7f2)

and

v= o[ Ll 0o j1ya i m1/a g o)

foo

For a wall temperature distribution of the form
Bw - 900 = an

and with blowing through the surface, show that a similarity solution
is possible if v at the wall is proportional to dnm /4,

The equations for the problem of velocity impact of a semi-infinite
one-dimensional rod can be written as

g0 __ 3
5z Fat
ae___av
dt iz
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Jde
= koPet
5t ¢

x is the Lagrangian space coordinate, t is the time,o,e and v are
the nominal compressive stress, nominal compressive strain and par-
ticle velocity, respectively. k,p and ¢ are material constants for rate-
sensitive strain-hardening materials. The boundary conditions are

v(0,8) = v, t* , t>0
v(z,0) = o(z,0) = ¢(z,0) =0 , z>0
Based on physical considerations,
v(00,t) = o(00,t) = €(0,00) =0

Using the Hellums-Churchill or Birkhoff- Morgan method show that
the similarity transformation can be written as:

v(z, 1) = v 1* f(£)

g1 3(g—1) 1 3aig™1}+1

a(z, t) = peT P Ty e TP T ke TPTHE e T T 9(6)

td 2q 1 Jap+l
e(z,8) = prott y pak1 kra+1 fp "o+ p(€)

where
1 P pte 1 pT e Taiptg 1)
= z[kv“v—l PPy e p T L pTetl

(a) Obtain the transformed ordinary differential equations.
(8) For p=1,¢ = 0,70, show that the solution can be written as

v(z, 1) = v.t* 22° T + 1)72° erfc(-g—)

where 1?® erfc(¢/2) is the repeated integral of the error function.
(¢c) For g =0 (corresponding to rate-sensitive material) and a = 0, show
that the solution can be expressed as follows:

¢ d\
V(z)t) = Uc[l _/(; (C+ﬂA2)p/(p_1)]

where f = p(p—1)/[2(p + 1)]; and
48 T(p/(p—1) i

] 1= 3p/tp—1)

=l Tlp/(p - 1) - 1/2]

Reference: Seshadri, R. and Singh, M.C., “Similarity Analysis of Rods
of yNonlinearyRate-ysensitivesStrain-hardening Materials”,Archives of
Mechanics, 28,1,pp.63-74 (1976).
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15.

16.

The problem of elastic expulsion of Newtonian fluids from long pres-
surized tubes can be described by the nonlinear equation

16uRy R, 3/ 9%R 2 2
A (g)-R (g) 4R (79';)

where R is the inner radius of the tube; the subscript O refers to the
relaxed condition, and subscript 1 refers to the fully extended condi-
tion, z is the axial distance from the point of severance of the tube, ¢
is the time,u is the fluid viscosity and k is the tube wall compliance.
The initial and boundary conditions are

R(z,0) =R, ; R(0,t) =Ry ; R(oo,t)=Ry

By the use of any of the techniques described in Chapter 3, show that
the similarity transformation can be expressed as

R-Ro
Ri—-Ro

2 b
Ry V kt

=¢(¢), where {=

and the similarity representation can be written as:
o+ (1 - a)¢Pg" +4(1 - a)[o + (1 - ) P(¢))2 + 22°¢4" = 0

where a = %‘l‘-. The auxiliary conditions then become

$(0)=0 ; ¢o)=1

The solution of the above ordinary differential equation can be ob-
tained in the form of a quadrature. When Ry approaches R, ie., «
approaches 1 show that the solution is

$(s) = erf(c)-

The above problem formulation has applications in biophysics. Specif-
ically, the problem deals with the deformation of tube walls under
variations of internal pressure (latex tubes of trees, nerve fibres and
blood vessels). Details of the solution are discussed by G.S.H. Lock
in a paper entitled “Elastic Expulsion From a Long Tube”, Bull. of
Math. Biophysics, Vol.31 (1969).

The process in which a wetting fluid desplaces a non-wetting fluid
that initially saturates a porous medium by capillary forces alone is
known as imbibition can be found in the area of hydrogeology and
petroleumyrecoverysnForsascylindrical piece of a porous matrix under
simplifying assumptions, a variable S which depends on the displacing
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17.

phase saturation, S; (such that § = 1 — aS; and a = constant), the
imbibition process can be described by the nonlinear equation

as 328
2 — $(=— §=0
) +C1(az)+62 (azz)-l‘c:;
Co,C1,¢2 and c3 are constants which can be expressed in terms of the
physical parameters of the problem, z is the space coordinate and ¢
is the time. Using Birkhoff-Morgan method, show that the similarity
transformation can be expressed as:

85 _ (Qﬁ
ot ¢ Oz

z

S(z, 1) = £0/16+1) F(§), where &= 7(25+2)

Transformation of the partial differential equation into an ordinary
differential equation and subsequent integration is discussed by Verma,
A.P. and Mishra, S.K. in a paper,“Similarity Solution for Imbibition
in Porous Media”, which appears in Symmetry, Similarity and Group
Theoretic Methods in Mechanics, Calgary, Canada (1974).

A nonlinear wave equation, that is encountered in affine connection
field theory and also in one-dimensional gas dynamics with a particular
local rate of combustion, can be written as:

9 _ 0% _
9t 9822

3%¢

e 0

+2¢

620 =a(2) 5 To(x0) = A2

(a) Using inspectional group procedures, obtain the similarity trans-
formation

Bat =300 5 6=3

What boundary conditions are compatible with the above similarity
representation? Integrate the ordinary differential equation analyti-
cally or numerically.

(b) Show that invariance of the equation under a group of translations
T= 1+ 29,1 = t+ ty, & = u gives rise to the traveling wave solution

oz — c3t

¢ =cag(é) ; §=W:1']“
The ordinary differential equation obtained is
' +204' =0
The solution can be written as
g = Tanh(s + 5)
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18.

19.

which is an exact simple wave solution. The initial waveform propa-
gates without change of shape or amplitude at constant velocity (c3/cz)
in the z direction.

(c) Using a deductive group procedure, obtain various invariant solu-
tions including those described above in (b) and (c).

(d) Is it possible to transform the nonlinear wave equation to any of
the following linear forms using inspectional methods?

o P05
¢ 3 3z
8%

B 5 =0

(c) ?..2.2 + (_9_0 - &
ar ot 32

Details of the similarity analysis is given in a paper by G. Rosen entitled

“Solutions of a certain Nonlinear Wave Equation” that appear in the

Journal of Math. Phys., 45, 235 (1966).

Using the infinitesimal group of transformations

=0

2= u+eU(zt,u) + O(e?)
i=t+eT(z,t,4) + O(?)
z=z+ eX(z,t,u) + O(?)

obtain the invariant solutions for the nonlinear heat conduction equa-
tioin

0 Ju du
E[C(“)EZ] =3

Specifically obtain the following infinitesimals and the associated sim-
ilarity representation:

(a) X(z) = Bz+~

(b) T(t) =2A+2Bt ; U(u)=0; O(u) is arbitrary

(b) X(z) = (B+B)z+~ ; T(t) =24+ 2Bt

U(w) =2(u+k) ; Ov) =X u+k)?”

(c)X(z) = (B+ B)z+ az® +4

T(t) =24 +2Bt ; U(y) = —3(v+k)(2az+ B)

O(u) = Mu+k)™4/3

The problem has been worked out in detail by G. W. Bluman in his
Ph.D. thesis entitled “Construction of Solutions to Partial Differential
Equations by the Use of Transformation Groups”, California Institute
of Technology, Pasadena, California (1967).

The Stokes second problem described in section 6.1 of this book in-
volves the determination of the following boundary value problem:

ya%_ ay
dy* 9t
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20.

u(0,%) = Uy cos(wt) ; w(o0,t) = u(y,0) =0

Using the method of pseudo-similarity transformations, obtain the so-
lution to the above boundary value problem. Compare the solution so
obtained with the closed form result,

¥(y,t) = Up ezp—/2wk cos(wt— Vi)

where v
Yoy
Paul Chambre, in an article entitled “The Laminar Boundary Layer

With Distributed Heat Source or Sink” in Applied Scientific Research,
Sec. A, Vol.6 discusses the problemof temperature distribution during
flow over a flat plate. In a particular case of a distributed heat source,
the following special equation for a temperature T is obtained as

182T 10T 0T =, &y,
I—J—r?g-z_-*-.Z—FT?_g——zFB_z-{-an"(z) =0

n=1

The similarity variable is given by

¢ = (2)();

Vo is the mainstream velocity and F(¢) is the Blasius function. The
boundary conditions are

ad z
T=Ebn(—L-)" for ¢=o0

T=0 for ¢=0.
Assuming a solution for T of the form
s z
T(g,z) = an(z)ncn(f)
n=0

where G,(¢) satisfies the equation
@+ 2FG - nF' Gyt n=0
Pr 2

Gu(0)=0 ; Gn(e0)=0

Systematicallysderivesthesstepspoutlined above using a one-parameter
group of transformations.
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21.

22.

The equation governing heat conduction in spherically symmetric de-
scription can be written as

18
2 dr

1) 5]

_or
T

If at time ¢t = 0, an energy of E is released at r = 0, then the law of
conservation of energy gives

o
/ T(r,t)arridr = £ .
0 Py

Assuming k(T) = aT", obtain the similarity transformation

r
(a Qn t) 1/(3n+2)

/3
T(rt) = [22—

> }3/(3"+2)¢(§), where £ =

Show that the moving boundary propagates at a finite speed given by
R(t) = ﬁo(aQnt)l/(3n+2)

where

3n+2 T(§+37) ]n/(3n+3)
27~ lra T(1+4 3)0(3)

What happens to the speed of propagation when n approaches to 07
What does this mean from a physical standpoint?

In a paper entitled “On Similarity Solutions of Wave Propagation for a
General Class of Nonlinear Dissipative Materials” that appeared in the
Int’l J. of Nonlinear Mechanics, Vol.11, 1976, Chand et al use the de-
ductive group method based on finite group of transformations to find
a number of different invariant solutions for the system of equations:

fo=[

v _ %0 (momentum)
PG = 3, omentum

v Oe g
2= (compatibility)

Oe\ 8o\,
-a—t) +A4(-a—;) =0

(constitutive relationship)

a+A1€+A2(

An exhaust analysis is presented in the paper, and the thrust of the
work is mathematically motivated. Introducing the conditions at the
moving boundary for characteristic propagation, examine the problem
fromyarphysicalistandpointybyrinvoking the ideas presented in chapter
8 of this book.
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23.

24.

The steady-state temperature distribution for heat conduction with
heat generation according to the exponential variation can be written
as

1d,,0T

F:i;(r_é—r_)-’-ﬂeT:O 0<r<R

where ¢ = 1 for cylindrical symmetry and ¢ = 2 for spherical symmetry.
The boundary conditions are given by
aT

.——:0

= ; T(1)=0

Transform the two-point boundary value problem into the following
initial value problem:

144
7 dz\ dz
dy(0)
dz 0
using the group of transformations

) +Be? =0

y(0) =0
r=e¢"4z ; T=y+a4

For details of the solution, readers should refer to the paper by Na,T.Y.
and Tang, S. C.,- A Method For the Solution of Conduction Heat
Transfer With Nonlinear Heat Generation”, ZAMM, 49 (1969).

Using the infinitesimal group method described in chapter 10, we will
derive the mapping that will transform the Burger’s equation

Vpp = Uz + Uy
into the linear heat equation
Uzz = Ut

The infinitesimals for the heat equation have already been derived in
chapter 3. Assume the mapping to be of a general form

v=F(z,t,u,u,,u)

so that, infinitesimally,

oF oF oF oF oF
V——XB;'F TW‘F UFJ-F Uza;'*' Ut'a'u—t

whereVzrandVizaresthes“extended infinitesimals” of the group for
the linear heat equation. For non-zero value of the parameters of the
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25.

26.

group, a system of partial differential equations can be solved to give
the Hopf-Cole transformation

v= —2(%).

Details are given in the article by G.W. Bluman: “Use of Group Meth-
ods for Relating Linear and Nonlinear Partial Differential Equations”,
Symmetry, Similarity and Group Theoretic Methods in Mechanics,
Calgary, Canada,1974.

Using the infinitesimal group of transformations, show that the map-
ping that will transform the equation

12
Ver = W + < V;

2

into equation
Uzy = U

can be obtained as v = —2In(u).
Show that the mapping that will transform equation

Loy — e =0
into the linear form W, =0, can be derived as

2W, W,
wE

Z = ln|
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INDEX

Absolute invariance,17,41,48,75
Additive group,6

Algebraic equation,190
Associative law,8

Bar,100
Blasius equation,157
Blast wave,147
Boundary layer,70,195
compressible,49
Three-dimensional,49
Boundary value problem,2,114,125,157,162
Bulk modulus,119

Characteristics,138,139,148
Chemical exchange process,178
Conduction
heat,109,128,138
natural,117
Conical shaft,75
Compressive strain,143
Compressive stress,143
Constitutive model,66
Continuous transformation group,5,10

Diffusion of vorticity,18
Diffusion equation,2,58
Dimensional matrix,37,38,69

Elastic material,67

Equation
Bernoulli,173
Blasius, 157
diffusion,135
elliptical,125
Euler-Poisson-Darboux,110
Helmbholz,190
invariant surface,21
Klein-Gordon,150
Korteweg-de Vries, 152
linear heat,36,133
quasilinear parabolic,163
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quasilinear partial differential,137
wave propagation,137,142
Element of a set,5

Finite Difference,116
Formation of a shock wave,147
Free convection,71
Freezing problem,92
Function
characteristic,20,52,82,160,165,172,191,198
elliptical, 151
Gamma,132
Green,122
Heaviside, 122
invariant,14
transformation,12,198
Fundamental solution,114

Gas dynamics,82

Grashof number,73

Green function,122

Ground water flow,114

Group
additive,6
affine,30,32,42
algebraic,5
continuous transformation,5
dimensional,30,99,154
global transformation,11,12
identity,6
infinitesimal,18,52,82,160,170
linear,13,42,79,164,190
rotation,14
simple,1
spiral,14,41,81,98,99
transformatioin,1,7,8,15

Group theoretic method,1

Heat conduction,109,138
Heat equation,39,49,99
Hugonoit condition,146
Hyperbolic equation,125,137

Identical element,6
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Implosion problem,203
Infinitesimal,22,27,49,52,170,191
Initial value problem,3,157,165
Inspectional group method,3
Integral transform,110
Invariance,13,15,16
Invariant
absolute,17
boundary condition,94
conformally,17,49,79
constant conformal invariant,41
Invariant surface,50
Inverse,6

Jacobian,8

Jet
Two-dimensional,62
heated,77

Lagrangian space coordinate,143
Linear diffusion equation,169,175
Linear heat conduction,108
Linear vortex,68

Longitudinal impact,163

Mapping,1

Maxwell solid,66

Method
Birkhoff and Morgan,39,58,74,77,133
Bluman and Cole,49,111
characteristic function,35,52,82
dimensional analysis,37,70
finite group,35
Hellums-Churchill,42,44,71,131
infinitesimal group,35,49,157
inspectional group,171,187,197
Moran and Gaggioli,44,48
Morgan’s theorem,45,47

Moving boundary problem,3,125,129,134,142

Multiparameter group,194

Natural convection,117
Needle,71
Non-characteristic propagation,150
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Noether transformation,119
Nonlinear differential equation,169,175
Nonlinear diffusion,197

One-dimensional oscillator,192
Operation of a transformation,7

Parameter
essential,7
transformation,7
Plate
non-isothermal, 117
non-Newtonian flow over,120
wedge-shaped,74
Phase change problem,126
Pi-term,38
Propagation
along characteristics,138,149
non-characteristic,145,150
speed,128
Pseudoplastic fluid,120
Pseudo-similarity transformation,114,117,119

Radiation,128
Rainfall Runoff,141
Rank of matrix,69,71
Reynolds number,119
Rod
impact of,64
longitudinal,143

Self-similar solution,71,202
Shock waves,139,145
Solution
eigenvalue,100
fundamental, 108,114
invariant,17
non-similar,103,121
Speed of propagation,145
Spiral flow,96
Spring mass system,205
Stokes problem,103
Stokes stream function,72
Strain,163
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Stream function,63
Stress,163
String,141
Superposition,104

Thaw consolidation,106
Thermal conductivity,128
Transformation

affine group of,30,72,74

extended group of,18,20

identical,8,10

identity,9

infinitesimal,10,15,53,57

inverse,8

Leibnitz,174

point,169

twice-extended group of,19
Translation group,154
Traveling wave,151
Twice-extended group of,19
Two-parameter group,196

Vertical needle,71
Viscoplastic impact,163
Viscous dissipation,80

Wave
elascoplastic,153
nonlinear,141
plane,131
shock,139,145
solitary,153
thermal,130
traveling, 145
Wave front,140
Wave propagation problem,137
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